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Abstract

This thesis explores the effectiveness of ensembling large language models in relation to the
scaling laws defined by Kaplan et al. By training 13 models with varying configurations while
not allowing the dataset and compute budget to limit our results, we analyzed how ensembling
affects performance when using the average, minimum, and maximum functions as aggrega-
tors. Our findings show that while ensembles consistently outperform their worst-performing
base models, they do not scale as efficiently as single large models and often fail to surpass their
best base models. These results suggest that ensembling, while useful for marginal improve-
ments, is not a substitute for directly training larger models but could serve as an alternative
tool to improve performance when multiple models are already available.
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1 Introduction

1.1 Motivation and Background

In the realm of artificial intelligence and machine learning there are still a lot of possibilities
and insights to be explored. Having that as a frame of mind, finding new ways to improve
training, performance, and efficiency is of utmost importance to further develop the field. In
their paper [9] Kaplan et al found that we can see multiple relations between a neural language
model’s performance (log-likelihood loss, for example) and their features - in this thesis, the
amount of parameters is the one which we lay our focus upon.

They observed a consistent scaling between that loss and the non-embedding parameter
count, which is a very interesting find, that raised the question of how ensembles would fit in
these scaling laws defined by the authors. While these laws provide us with a base to work
and predict performance when training new models, they limit and constrain what should be
possible - overcoming these laws could provide us with a new breakthrough in the field. Thus it
is of importance to test these boundaries to see if we can break them, and push our development
of large language models forward. This is the main goal of this thesis, with a focus on ensemble
experiments, trying to find their place in the laws defined by other researchers, while using the
laws themselves as the benchmark to be beat.

In their study of correlated representations in contrastive learning, Kliittermann et al [12]
observed that while using an ensemble of models instead of a single model better results could
be achieved, having less bias, as non-correlated representations of one model did not match the
ones from other models. They managed to get significantly better results while keeping the
amount of parameters at a similar level. As a result, this provided us with the desire to analyze
if similar effects could be reproduced in large language models, significantly increasing the
performance without changing radically the amount of parameters and without extra training,
and thus analyzing how that would interact with the scaling laws of Kaplan et al.

To achieve this, 13 models were trained - their losses, parameters, and training time were
analyzed. From this base, we experimented with ensembling, its effects, and outcomes. Differ-
ent methods of aggregating predictions were tested, and the relations to the scaling laws were
measured and examined in the search for a performance improvement that would pull apart
from the laws devised by Kaplan et al.

1.2 Thesis Structure

This thesis is divided into 6 chapters.

« The first chapter deals directly with large language models. It presents a background into
their history, and then it moves into the technical background of LLMs, from loss func-
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tions, and gradient descent, to the transformer architecture and generative pre-trained
transformers.

« The second chapter presents a short introduction to ensembles, how they work, why
they work, and the different methods one can use to achieve a desired end result using
ensembling.

« The third chapter consists of the methodology of this thesis. What was done, which
experiments were conducted, what tools were used, and it presents all results from the
experiments conducted in this thesis. It explains the experiments, and how they were
conducted in more detail and presents hypotheses and conclusions taken from those
outcomes.

« The last chapter summarizes the findings of this thesis, concludes it and presents a dis-
cussion about what can be further researched in the future, complementing this study.



2 Large Language Models

Language is at the roots of human development. Working together with our peers is what
makes science possible the way it is and behind all that lies a powerful tool, often overlooked,
as it is so common and so present in our lives: language. From the moment we are born, we are
exposed to it, and human lives are molded by it. Computers, on the other hand, lack the capacity
to intrinsically comprehend and communicate in human language, and to solve that language
modeling [22] was devised. Natural language processing (NLP) emerges as the branch dedicated
to the creation of machines capable of reading, writing, understanding human language - and
much more through their emergent abilities [24].

In the beginning, researchers developed statistical language models (SLMs). These mere math-
ematical models would analyze properties of natural language from a probabilistic statistical
perspective [22]. Take for example the following sentence: ”I come from Brazil”. P(w;) rep-
resents the probability of a word w;, with i being the i-th word of a sentence. Now for the
likelihood of the whole sentence, we have:

P(w1, w2, w3, wg) = P(I come, from, Brazil)

To calculate that, we need to employ conditional probability until we get the probabilities for
this specific sentence. To get the probabilities for each word, maximum likelihood estimation
would be used, by taking into account the frequencies of each word as the i-th member of the
sequence, by also analyzing the rest of the latter. The problem with this approach would be the
huge amount of possible sequences, which posed storage limitations and thus a reduction in
the model’s accuracy [22].

To solve that, researchers started leveraging neural networks to do this task. Firstly, they
needed to tokenize and vectorize inputs, so that the algorithms could interpret them. We ex-
plore this topic deeper in the following subsections. These new models, called neural language
models could thus take longer sequences into account, and generate much better results. They
still worked similarly to SLMs, but were much more complex and effective. Pre-trained lan-
guage models would also soon become the norm, as a type of neural language model, as they
allowed the use of even bigger datasets in a semi-supervised learning environment.

From that, we got the first large language models (LLMs), which are more present in the
everyday lives of all of us than ever. With the rise in popularity of models such as ChatGPT,
LLaMMA, DeepSeek, and others, the bigger becomes the importance of understanding the un-
derlying mechanisms behind these technological advancements and their origins, which we
will explore in this chapter briefly.

LLMs are advanced artificial intelligence systems trained on vast amounts of data and pa-
rameters to understand and generate human-like language. Using deep learning techniques,
particularly the transformer architecture [20], LLMs analyze patterns in a text to predict and
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generate coherent responses, answer questions, summarize information, and even create con-
tent. These models, process input by breaking it into tokens [23][13] and leveraging thousands
to trillions of parameters to determine the most contextually relevant output. These models
are also able to develop emergent abilities, which are only visible after a certain size and scale
[24], and allow them to be incredible generalists for many different applications.

Their applications range from chatbots - such as ChatGPT from OpenAl - to virtual assistants
for code generation and content creation, making them powerful tools for various industries.
The cutting-edge models available can already handle images, being able to generate them on
the spot based on prompts, to describing them back in detail for people who cannot see. Their
applications are extremely diverse, as language permeates everything in our lives.

2.1 Background

2.1.1 Loss and gradient descent

One of the pillars of machine learning, is how we can evaluate whether results are being mean-
ingfully generated, our samples correctly classified, or represent well real-life expectations. To
do that, we use loss functions. Also called cost functions or error functions, they calculate the
cost of a specific decision [6]. A simplistic way of explaining them for machine learning would
be a functions which give the difference between expected and actual values. As a result, when
expected and predicted values are very similar according to our loss functions, we get a very
small error, and the opposite for big discrepancies. If both match, we have an error of 0. For
such an end, one can use many different methods, for example, the squared error loss [6]:

L(Y, f(X)) = (Y - f(X))?

Where L is the loss function, Y the actual values, and f(X) our model prediction. We square
the difference between them so that our error stays always positive.

Another very robust loss function is cross-entropy loss. Cross-entropy loss is characterized by
the use of the log function, and by resulting in values between 1 (worst case) and 0 (best case).
In this thesis, we use cross-entropy loss directly to measure the performance of our models and
ensembles.

L(Y, f(X)) = = [Ylog(f(X)) + (1 = Y) log(1 - f(X))]

This loss function is the one used for the training of many language models, for it aligns well
with probability-based predictions. Many models use for example the softmax function in their
predictions, with whom the loss function interacts very well by penalizing bad decisions and
reinforcing correct ones, making it a very robust alternative in the realm of neural language
models.

Also very important in this topic, is gradient descent. Gradient descent helps us directly
to minimize the loss of our models, by mathematical optimization. It works only on defined
and differentiable functions, as we use differentiation directly to calculate the direction of our
descent/ascent. The main idea of it is to take steps towards the gradient of the function we are
analysing, and the size of these steps are called learning rate [8].
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The learning rate itself defines how big our jumps within the gradients are going to be.
Smaller learning rates result in smaller steps - that can be beneficial, as converging much more
precisely to a local minimum becomes easier. On the other hand, with such small steps, we
might get stuck in suboptimal local minima, or take too long to reach proper results. Too high
learning rates can also cause problems: it can make us jump over local minima (overshoot) and
thus never find the desired results. As a result, in most cases, the learning rate is varied during
training, either by a fixed schedule or by using an adaptive learning rate. This makes sure we
get “the best of both worlds”, having the precision of low learning rates, with the practicality
as speed of high ones combined.

So for a loss function F, with an F(x) in the neighborhood of a point z, the function F will
decrease the fastest in the direction of the negative gradient [8]. So by calculating the negative
gradient of the function —VF(z;) and multiplying it by our learning rate y and summing it to
the previous position, we get

Zn+1 = zn — YVF(2p)

and if our learning rate is reasonable, we should get that F(z,) > F(z,41)-

Inside this topic, we can define different types of gradient algorithms. One of these types
is the first-order gradient optimization algorithms or steepest descent method. These algorithms
are characterized, as the name implies, by the use of the first-order gradient, as we saw in the
previous examples. They are not as powerful in some sense, compared to other possible meth-
ods, such as the Newton Method [8], but because of their simplicity, small memory footprint,
and efficiency, they are used by most large-scale machine learning algorithms nowadays.

An example of these algorithms is the batch gradient descent, which at each iteration uses the
entire training dataset to calculate the next gradient vector [8].

Zne1 = 2n — YVF (2,3 (X, Y))

It is a powerful solution that guarantees convergence in convex datasets, but that can be ex-
tremely slow in the case of large datasets, that sometimes cannot even fit into memory.

This led to advancements and the development of other algorithms that took advantage of
different techniques. One of these algorithms is called Adam [8]. The Adam optimizer [11] is
a widely used first-order gradient-based, used as the algorithm by Kaplan et al in their study
of scaling laws [9]. It maintains two moving averages: one for past gradients, denoted as m,
and another for the squared gradients, represented as v. These help adjust the learning rate
dynamically for each parameter.

M1 = frmy + (1= p1)g(0;)

U1 = Poos + (1 - ﬁ2)92(0t)

Here, m; represents the exponentially weighted average of previous gradients with a decay
factor 1, while v, tracks the average of squared gradients with a decay factor 5. Typically, f;
and fs are set close to 1, which may lead to slow updates at the beginning of training due to
initial bias. To mitigate this issue, bias-corrected estimates are introduced:
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Once the bias-corrected estimates are obtained, they are used to update the model parameters
as follows:

Ory1 = 0; — AU my
U +€

The default hyperparameter values for Adam are f; = 0.9, f2 = 0.999, and e = 1078,
Adam has gained widespread popularity in deep learning due to its efficiency, stability, and
adaptability, requiring minimal manual tuning of learning rates compared to other optimization
methods, whilst also solving the problems present in batch gradient descent, as we do not need
to analyze the whole dataset to get gradient results.

In conclusion, gradient descent, loss functions, and learning rate are key concepts in ma-
chine learning in general, that also closely apply to the world of language models. Loss or
error functions are the benchmarks for models whether their performance is satisfactory and
reaching the desired outputs. Without it training is not possible, and thus machine learning
itself as well. Gradient descent, strongly linked to the former, is what allows us to find the
best way to reduce our loss and get to the desired results, by using the gradients of functions,
most commonly the first-order gradient. Learning rate comes then into play, as we need to
carefully find the best possible step sizes in many situations, so that we get both effective and
fast progress, as precision in the search for local minima.

2.1.2 Tokenization

Tokenization is an important step in the pre-processing done for large language models [23].
As humans, we usually take the meaning of words for granted, but for algorithms, we need to
find some new way of giving and storing meaning in ways that we can easily reproduce and
retrieve later. Tokenization is the process of decomposing information and defining tokens,
these basic units of knowledge which can be used by machine learning algorithms to learn and
predict results. At first, this meant splitting content into sentences or words, due to linguis-
tic motivations. Nowadays the most effective methods are those that split even further, with
words being split into smaller subwords which are than used as tokens [13]. These tokens are
thus non-linguistically motivated units and do not carry the same meaning as old tokenization
methods would use (per word/sentence tokenization). One of the modern subword tokeniza-
tion algorithm is Byte-Pair-Encoding (BPE) [13][5].

Byte Pair Encoding is a tokenization technique that iteratively merges frequently occurring
pairs of adjacent symbols into a single token. The process begins with a basic vocabulary
consisting of individual characters or bytes. At each step, the most common adjacent symbol
pair is identified and replaced with a new token representing that pair. This merging process
continues until a predefined vocabulary size is reached.
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BPE is widely used in natural language processing tasks, particularly in subword tokeniza-
tion for neural network-based models, as it helps efficiently handle rare words and reduces the
overall vocabulary size while preserving word structures.

To further read about tokenization, see [13].

2.1.3 Transformers and attention

On the paper "Attention is All You Need” [20], Vaswani et al introduced the world the concept of
the transformer. Originally, transformers were focused on translation tasks, but with time, they
started being used in multiple facets of machine learning, from natural language processing to
computer vision. The transformer was a new architecture focused directly in the attention
mechanism and had much better performance than past strategies, such as the use of recurrent
neural networks. The type of attention in transformers is called self-attention.

This new attention mechanism allowed an edge over other architectures, as it made it possible
for models to have better context and long-term memory. Different models, using RNNs for
example, have trouble with sentences like "The quick brown fox jumped over the lazy dog, that
just stared at it”. In this sentence "it” refers to the fox, but a normal RNN would struggle to link
this, and produce suboptimal results, as its lack of an attention mechanism limits the memory
of the model. Transformers mitigate this in the way that they use multiple heads of attention,
that give different tokens different “attention”, or rather scale their vectors so that they remain
important in the context we are in at the moment.

Feed
0 Forward
Add & Norm
: P Add & Norm :
Feed Dol :
: Forward o :
: P Multi-head :
Ny : HE Attention : Ny
¢ (™{_Add & Norm
: Multi-head Add & Norm :
Attention :

(X! Masked

v

Multi-head

Positional Positional
Encoding ® © Encoding
Input Vector Output Vector

Figure 2.1: Basic transformer architecture [1].

The specific attention function used in transformers is called scaled dot-product attention.
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The input of this function is the queries and keys, with dimension di, and the values with
dimension d,. With this, we calculate the dot product of queries and keys, divide it by Vd,
and use a softmax function to get their respective weights.

In the actual use of the transformers, we use vectors for each of the inputs, being Q the
queries, K the keys, and V the values.

. QKT
Attention(Q, K, V) = softmax Vv
Vg

Now to further increase the performance, we use multi-head attention. Instead of using a
single attention function, the authors in [20] found it beneficial "to linearly project the queries,
keys, and values h times with different, learned linear projections do dg, di and d, dimensions,
respectively”. These allow us to run the attention function in parallel, concatenate the results,
and project them once again, generating the final values. Having multi-head attention makes
it possible to consider information from different subspaces at different positions.

MultiHead(Q, K, V) = Concat(heads, . . ., head;,) W

where head; = Attention(QWiQ, K WiK , VWiV)
Where the projections are parameter matrices

M/IQ c Rdmodelek’ VVIK € RdmodEIXdk, M/IV c RdmodEIXle, WO c thUdeodel [20] .

This is then used by transformers in three different ways [20]:

« Encoder-decoder attention, where the queries come from the previous decoder layers,
while the keys and values from the output of the encoder;

« Encoder containing self-attention layers, where all keys, values, and queries come from
the output of the previous encoder layer.

« Decoder with self-attention layers, that allow each position in it to attend all positions
up to and including that position.

Layers in the encoder and decoders also contain fully connected feed-forward networks,
which are applied to each position separately and identically [20]. Another important feature
of transformers is their embeddings. Using the learned embeddings, transformers convert input
and output token to vectors, which using the softmax function, convert the decoder outputs to
probabilities of new tokens. Also because there is no recurrence and no convolution, we need
to insert the position of tokens into embeddings.



2.1 Background
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Figure 2.2: Visual representation of both scaled dot-product attention (left) and multi-head at-
tention (right) [20].

2.1.4 Generative pre-trained transformer

One of the most famous uses of transformers is the generative pre-trained transformer, usually
just called GPT. GPTs are the basic building blocks of modern applications such as ChatGPT,
which is propelled by the use of generative pre-training [15]. This pre-training deals directly
with one of the difficulties of training large language models: the dataset to train on, which
must often be manually labeled by researchers. Pre-training is rooted in transfer learning [21],
and thus allows the model to train in large, unlabeled, raw text datasets, which facilitates the
training of big models that perform well in different scenarios. It was first developed as a form
of semi-supervised machine learning, so that first the models would be trained on unlabeled
datasets, and then would be tested using labeled datasets, bettering the results, whilst keeping
the effort needed to label and categorize manageable. When done in encoder-decoder trans-
formers it can lead to a unified model that can both understand and generate in the context of
language. Before that, most studies would suggest the use of specific models for specific tasks,
with high specialization.

GPT-1 was the first of OpenAl’s transformer based models [15]. Up until this point, the best
models one could find in the neural language procession landscape were all supervised models.
The capability of training a model unsupervised with extra fine-tuning afterward provided
the breakthrough needed in the field. It was trained on BookCorpus, an unpublished books
database, and had a size of 117M parameters [15].

After the development of the first generative pre-trained transformers, a very important
checkpoint was the introduction of GPT-z [16]. GPT-2 was a model developed by OpenAl and
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GPT-40
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_ withheld. _ coherence, interaction.

Figure 2.3: Timeline of GPT models

released in 2019. It was a direct improvement upon GPT-1, the first generation of the GPT
models, by having over an order of magnitude more parameters. It could zero-shot - meaning
perform tasks not in the training data, without demonstrations - and outperform most of the
state-of-the-art models back in its release year. Models can also “few-shot”, where they receive
as many demonstrations as their context window allows, or one-shot, meaning they have one
example in their input showing how to perform the task [2].

At the core of GPT-2 lies language modeling [16]. Because language is mostly sequential,
we can use a model to predict the next term in this sequence - the next token, the next word.
By doing that, we have results that can correspond to our expectations. Most times, however,
there are too many possible answers for a single problem or many ways of defining a single
task. To calculate that, we need not only a probability for each situation, this probability must
depend on input and the task at hand. Transformers [20] helped solve this directly, by using
self-attention, which basically allows us to encapsulate this task into the meaning of an input.
This allowed GPT-2 to zero-shot to state-of-the-art performance in many language modeling
datasets, without direct supervision.

After the development of GPT-2, came the bigger and better GPT-3 [2]. Both models are
very similar in architecture, both being decoder only and generative pre-trained transformers.
The main difference lies in GPT-3’s size: it has circa 175 billion parameters, resulting in a
much larger model than its predecessor. It could also few-shot and one-shot to state-of-the-
art in some tasks, and would also perform very promisingly in zero-shot scenarios. Trained
on 5 very large datasets, Common Crawl being the biggest, generated great results, that could
unfortunately sometimes also be toxic - Common Crawl contained unfiltered data from all over
the internet, and thus also fowl language and toxic behavior. Many measures were put in place
by OpenAl to limit the toxicity, which worked and reduced it to much lower levels.

The latest iteration of generative pre-trained transformer models is GPT-4 [3]. The model can
perform at human level in many different tasks but still suffers from some of the problems of
older generations, such as hallucinations (making up information). This was one of the aspects
the team of developers tried to improve upon, testing the model with real-world exams, and
grading the results. GPT-4 was able, for example, to pass the bar exam with a performance in
the top 10% of test takers [3].

GPT-4 also is a multimodal model, meaning it can also take images as input, interpret them,
and complete tasks based on that. This represents a new step toward general-use artificial in-

10
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telligence, with powerful capabilities that can permeate our entire lives - from chatbots that can
answer simple questions, translate from different languages in a natural manner, to seeing and
describing images for people with impaired vision. Soon after came also GPT-40, an optimized
version of GPT-4, working more efficiently whilst delivering even more. GPT-40 is capable of
processing and generating text, images, and even audio [14], making it incredibly versatile.

The evolution of GPT models from GPT-1 to GPT-40 showcases the rapid advancements in
language model capabilities. Each new iteration has brought significant improvements, from
the introduction of unsupervised pre-training in GPT-1 to the zero-shot, few-shot, and one-shot
learning capabilities of GPT-2 and GPT-3. With GPT-4, we saw a leap in reasoning abilities and
multimodal inputs, further expanding the model’s practical applications.

Now, with GPT-4o0, efficiency and versatility have reached new heights, integrating text, im-
age, and even audio processing into a single model. These advancements highlight not just
the growth of Al-powered language models, but also their increasing role in real-world ap-
plications. While challenges like hallucinations and bias still exist, continuous research and
improvements push the boundaries of what Al can achieve, moving us closer to more general
and reliable artificial intelligence systems.

2.2 Scaling Laws

On the topic of training large language models, efficiency is of utmost importance. The best
performance possible, with the least amount of compute power, training, and model size is a
common goal throughout all machine learning models, non-excluding neural language ones.
Specifically on this topic, Kaplan et al performed extensive research [9], and defined scaling
laws of neural language models. Using the transformer architecture as the base, they evaluated
the impact of different factors - such as parameter count, compute time and dataset size - on
the loss of a model.

Whilst the scaling laws are great ways of predicting performance, they inherently limit what
can and cannot be achieved. This opens many possibilities for research when looking for ways
to break free from these constraints and achieve even better performance - one of them being
the ensembling of LLMs.

2.2.1 A summary of scaling laws

From their research [9], Kaplan et al made several observations that resulted in the formulation
of their scaling laws:

+ Scale is more relevant to performance than model shape. Depth and width of the model’s
architecture are not as important - what matters most are model size, dataset size, and

amount of compute, where more of all of them equals better performance.

+ We see smooth power laws. Performance scales directly with dataset size, parameter
count (non-embedding) and compute power, when not limited by one of the others.

11
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If we scale parameter count but not dataset size, and vice versa, overfitting happens. We
do see better performance, but strongly diminishing returns. Scaling both in proportion
guarantees predictably better results.

Training curves follow power laws that are roughly independent on model size. From
the early results of the training curve, we can extrapolate its development. This allows
us to conduct experiments using a much smaller scale than the original research paper,
facilitating training overall.

When transferring models to different datasets, there is a strong correlation between
training/validation loss, and the loss in the new datasets. The results are strongly corre-
lated, there is only a mostly constant offset in the loss.

Smaller models are not more sample-efficient. Larger models reach the same sample
efficiency with fewer optimization steps.

When we have a limited compute budget, the best performance is achieved by training
very large models and stopping shy of convergence.

The optimal batch size is roughly a power of only the loss. It can be determined by
measuring the gradient noise scale.

Thus we conclude the loss of a transformer trained autoregressively can be predicted using
a power-law when limited only by one of the factors (dataset size, non-embedding parameter
count and compute budget). Considering N as the number of non-embedding parameters, C
as the compute budget, and D as the dataset size, the following power-laws are thus applicable

[9]:

12

. When the number of parameters is limited, on a large enough dataset, trained to conver-

gence (no limitations on compute):

N,

oo = (%

an
) , an ~0.076, N,~88x 1013 (non-embedding parameters)

. For large models trained with a limited dataset with early stopping:

D\
L(D) = (3) . ap ~0.095, D~ 5.4x 10" (tokens)

. With a limited amount of compute budget, big enough dataset and optimally sized model

and small batch size:

min a?“‘ ) )
L(Cpin) = (cc . ) ,a@i™ ~0.050, CM™®~3.1x10® (PF-days)
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Figure 2.4: Relation between loss and parameter count. The Loss goes down on the test split
on all tested datasets - and this transfers also to other distributions. [9]

These consistent scaling relations allow us to even predict loss results from the information
we have, bringing the study not only observational importance but also prediction capabilities
that can be used in the training of all sorts of language models. Examples are finding the
compute scaling, magnitude of overfitting, early stopping step, and data requirements when
training large language models [9].

In short, the scaling laws found by Kaplan et al give us a clear way to understand and improve
the training of large language models. They show how parameter count, dataset size, and
compute budget interact, helping researchers make better choices about how to use resources
efficiently. But they constrain and limit what should be achievable, and taking them as absolute
laws of nature can be detrimental to the future development of large language models. The
possibility of breaking these laws and finding even better bounds for performance by using
ensembling is the direct goal of this thesis, as also analyzing and finding new paths for future
research on the topic.

13
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Ensembles of machine learning models are a powerful tool in the search for efficiency and per-
formance in the artificial intelligence world. They are a conglomerate of smaller, base learners
or base predictors that may or may not work on their own [19]. They can be formed of multiple
types of models - including large language models - and many different methods can be used to
agglomerate their results cohesively. Examples could go from simple such as using mean, min-
imum, and maximum values, to boosting, bagging, and other more complex solutions which
will be explored in the following subsections.

The main power of ensembles comes from the diversity in their models: different models
learn different aspects of datasets, and when put together, their different opinions can be used
to find some common ground, which may yield better results without training new models [19].
For example, in their research on the topic of contrastive learning, Kliittermann et al observed
that ensembling multiple models resulted in a better performance than having single bigger
models. They present that the outcome may be such, as the hidden layers of each model tend
to learn different features in the datasets, and then when combined, they form a cohesive and
more robust prediction model [12].

3.1 Combining results

3.1.1 Aggregating predictions

Aggregating methods are usually the simplest to implement. A simple example would be aver-
aging the results between the different base predictors for regression tasks, which is one of the
methods used in the experiments presented in this thesis. In this specific method, the average
of all predictions of all base learners is calculated, finding some sort of middle ground between
all predictions, that might be closer to the values we are looking for.

For classification, another possibility is the use of majority voting. The ensemble takes the
classification results from each base learner as a vote, and the one with the most votes is con-
sidered the end result. Some other forms of aggregating can be done by using machine learning
itself to create models that pick predictions or parts of predictions from the different base learn-
ers to in the end reach a single conclusion, which is called stacking [19].

3.1.2 Bagging

Bagging is a method characterized by the fact that many weak learners can be trained in parallel
and independently. One of the famous bagging methods is Random Subspaces [7]. When using
random subspaces, each base learner (usually a decision tree) has access to the whole dataset
but only analyses a subset of the dimensions. As a result, we end up having multiple models
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3.1 Combining results

that can be a very strong fit for their dimensions, as each tree is given as many split nodes
as needed to 100% accuracy in the training. However, these models are still considered weak
predictors when it comes to the whole dataset. To get a final result, we can take all predictions
from all weak learners and through majority voting categorize it. In the case of regression,
using the average of all models is also a common solution.

3.1.3 Boosting

A different way of approaching the problem, is by using boosting. Boosting is a way of getting
better results, in which we add new base learners to an ensemble sequentially, in a way that
new models pay closer attention to the errors committed by the previous iteration [19]. This
can of course be done in multiple ways, which results in multiple algorithms.

For example, the first boosting algorithm [17] [19] was very simple, using only 3 base learn-
ers. The first model would train on the whole dataset and make its predictions. The second
model would then only train using a subset of the dataset where half the data points were the
ones the first base learner predicted falsely. The third one would only train on the data points
where both models disagreed if there were any. The end result would be chosen based on a ma-
jority vote. This produced better results and showed new ways researchers could expand their
studies in machine learning. One of the most famous boosting algorithms is the one commonly
called AdaBoost, or adaptive boosting [4][19]. It consists mostly of multiple base models and it
is characterized by the use of weights, for both base learners and samples.
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4 Methodology and Results

This chapter focuses on the methods used in this thesis to perform all experiments, and presents
their results in a cohesive and understandable manner. It goes from replicating scaling laws
and training models for the research to the ensembling process, the functions used, the per-
formance variation analyzed. For the experiments done in this thesis, nanoGPT [10] was used,
a repository specialized in small/medium-sized GPTs. It was developed by Andrej Karpathy,
being a rewrite of his minGPT, another repository focused on facilitating the training of GPT
models of smaller size, with very short and readable code.
The dependencies used in nanoGPT - and thus also in this thesis - are the following:

» PyTorch;
« Numpy;

o Transformers library from Hugging Face;

Datasets library from Hugging Face;

Tiktoken for OpenAI’s BPE;

WandB for logging on some experiments.

Replicating the scaling laws found in [9] proved itself to be more challenging than expected.
In hindsight, the wrong configurations were used in earlier experiments, which resulted in
incorrect results that did not fall under the scaling laws proposed by Kaplan et al. As a result,
libraries/repositories were searched to find some way of implementing them more directly, so
that our efforts could be better expended in the actual research. This way, the Github repository
by Ali Shehper[18] was found and it proposed the exact solution we were looking for. The
directory is a fork of nanoGPT that includes configuration files to replicate the experiments
done by Kaplan et al [9].

We trained all of the models for 2.5 x 10° steps, with a batch size of 512 sequences of 1024
tokens. These resulted in training times of 3 to 6 days, using the OpenWebText dataset for
training and valuation. OpenWebText is an open-source replication of the dataset used by
Kaplan et al and OpenAl to train GPT-2. The models trained also were much smaller - instead of
ranging from 760 to 1.5 billion non-embedding parameters [9] - ours ranged from 12 thousand
to circa 9 million non-embedding parameters, showing that scaling laws are also present on a
smaller scale, and facilitating training overall. The exact sizes, loss values and training times
can be seen in the following table:
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Non-embed. param. | Total param. | Training loss | Validation loss | Training time (h)
12288 0.83M 5.83 5.84 78.4
49152 1.60M 5.40 5.38 79-3
196608 3.48M 4.69 4.70 81.4
196608 3.48M 4.74 4.75 81.3
196608 3.48M 4.75 4.77 83.0
196608 3.48M 4.73 4.74 82.6
196608 3.48M 4.72 4.74 81.4
393216 3.67M 4.55 4.55 86.0
589824 3.87M 4.46 4.46 90.7
589824 3.87M 4.46 4.48 90.7
589824 3.87M 4.45 4.49 90.7

2359296 8.8M 3.97 3.97 141.5
9437184 22.32M 3.54 3.54 154.0

Table 4.1: All of the trained models, their non-embedding parameters, total parameters, train-
ing and validation losses. The training time is also included, in hours.

With these models, the first analysis was that of the training time. We plotted all training
times and analyzed their relation with model size (non-embedding and total parameters) and
also the resulting validation loss. This allowed us to see possible relations between these vari-
ables and how they relate to each other. The starting hypothesis was the simplest one: bigger
models would take longer to train, and also achieve better results, which in turn would make
validation loss scale with training time - longer training, smaller loss results. Together with
that, the training times would be of utmost importance when it comes to ensembling. If train-
ing new bigger models would be easier than ensembling existing ones/training smaller models
for ensembling, ensembles lose some of their importance as tools to reach better performance.

Afterwards, we ensembled the models, using different simple methods, to keep the experi-
ments easy to replicate and control. The first and most important method was using the mean
of the tensor results of our models. There were created ensembles of all models in combinations
of up to 5 models (excluding the two biggest ones, that are used solemnly to compare perfor-
mance, as ensembles reach much higher parameter counts). From all these combinations, we
sampled 50 from each group of ensembles (2-model ensembles, 3-model ensembles, ..., 5-model
ensembles), to facilitate our experiments, as taking predictions from all possible combinations
would take way too long. These ensembles were tested against all our models and themselves
and were plotted in a graph so we could directly compare their performance.

One of the tools used for this comparison was fitting the models’ and ensembles’ perfor-
mance to power laws, such as the ones devised by Kaplan et al, comparing the observed results
from our research and a possible scaling for both types of approaches. We also compared all
ensembles directly with their smallest base model (which would also be their worst-performer
model in our experiments) and their biggest base model (the best performer). This was done
in order to examine: a) if the ensembles could improve both scenarios, showing an increase in
overall performance; b) if they could improve only against the worst base models; c) the worst
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4 Methodology and Results

case scenario if the ensembles did not improve performance at all.

In these experiments, our ensembles were a combination of random models. This posed us
with the question whether ensembles of similar models would improve more or less in compar-
ison to our random ensembles. To do that, we took 5 models with the same structure, the same
amount of layers and embeddings, and the same training procedure as all other models. These
models were then ensembled in all possible combinations and analyzed to see how much they
could improve on average and also plotted against all other ensembles to see if they performed
better overall for their size.

We also analyzed how the ensembles performed when all predictions were aggregated using
minimum and maximum functions, to examine whether different aggregation methods could
provide us with better results. Because the outcome was of these tests not favorable to their
use, they were not tested much further. The following formulas represent the different ag-
gregation methods used, with each "Output” representing a type of model, using the average,
the minimum or maximum as aggregation A, and B representing two tensors (model outputs).
In this scenario, we have two model ensembles, so only two tensors need to be aggregated -
the process would be the same for more models, only the functions would have to be slightly
altered.

A+B

Output,,, = — Output,,;, = min(A, B), Output,,, = max(A, B)

All results are compiled in the following "Results” section, mostly in plots produced using
MatPlotLib, a visualization library for Python. They are accompanied by more detailed expla-
nations of the experimentation process and their outcomes.

4.1 Results

4.1.1 Training time

The training of all models took between 3 days and 7 hours for the smallest model, all the way
to 6 days and 10 hours for the largest one, as seen in Table 4.1. All models were trained for the
exact same 2.5 x 10° steps, using the same hardware, with a batch size of 512 sequences of 1024
in the same OpenWebText dataset. One of the few differences between some of the models is
their seed, which was changed for some more specific experiments that will be discussed later
on.

As expected and evidenced by our data, we notice that the amount of non-embedding and or
total parameters influences directly the training time of our model. Both test cases yield similar
results, with what looks like an exponential relation. This increased training time could serve
as an argument for the use of ensembling, as a means to improve the performance of already
existing models without increasing training time, as ensembles themselves do not need any
extra training.
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4.1 Results
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Figure 4.1: (a) Amount of non-embedding parameters in comparison to training time. (b) Total
parameters in relation to training time. Model training time scales with model size
when examining both non-embedding and total parameters.

Also it is worth noting, that because training time and parameter count are related, and
parameter count and loss numbers also follow power laws according to Kaplan et al [9], we see
that validation loss tends to decrease as the training time of a model increases, meaning that
longer training times, when tied to the same training setup and configuration results in better
performance from the models.
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Figure 4.2: Training time in relation to validation loss. The loss decreases as the training time
increases. This happens because in our scenario, where compute is fixed, longer
training means bigger models and thus more performance.

Overall, our findings confirm the expected relationship between training time, parameter
count, and model performance. The observed exponential trend in training duration reinforces
the idea that larger models require significantly more time to train, while also benefiting from
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4 Methodology and Results

lower validation loss. This supports previous research suggesting that parameter count and
performance follow power law relationships. Additionally, our results suggest a possible use
case scenario for ensembles, offering a way to enhance overall performance without resulting
in additional training costs, when ensembling already existing models - but we explore this in
full, in the following subsections.
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4.1 Results

4.1.2 Replicating parameter scaling laws

For our future ensembling experiments, it was important to be able to replicate scaling laws,
as we want to analyze if we can find better performance with ensembling than with regular
models, and we use the scaling laws as a guide/measure, so we can extrapolate our results to
a bigger scale. To replicate the scaling laws found in [9], we trained a total of 13 models of
varying size, using the same configuration as to limit the variables as much as possible. After
the training, we got validation loss values from 5.85 to 3.54, with the biggest loss belonging to
the smallest of our models and vice-versa.
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Figure 4.3: Results from our model training. Each dot represents a single model, its loss, and
the number of non-embedding parameters. The lines represent our fit (in red) to
power laws in comparison to Kaplan et al’s fit (in blue). Both have similar values,
proving that scaling laws are present even on smaller scale.

Once all models were plotted (figure 4.3), the values formed a clear power law relation be-
tween loss and model size, more specifically non-embedding parameters, as expected. Con-

a
sidering the following formula: L(N) = (%) [9], we got very similar results to Kaplan et

al, reaching an @ = 0.074, whilst their experiments resulted in an ¢ = 0.076. We attribute
the small variation to the different dataset that was used - as ours was an open-source version
from theirs - and possibly random chance. To calculate these numbers, we used the polyfit
function from Numpy, which automatically does the polynomial fitting for our set of points
(models). To do so, we used this function to find a first-degree polynomial that fit our data
when in logarithmic space.

In this thesis, we focused on replicating only the non-embedding parameter scaling laws,
as they were of prime importance when analyzing our ensembling results. Replicating both
compute power laws and dataset size was for our scenarios irrelevant, as we did not let the
dataset and compute power limit our experiments. In the end, we got very close results from
Kaplan et al, thus proving that scaling laws are also present even on a much smaller scale
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4 Methodology and Results

than the one their research examined originally: their models ranged from 760 million non-
embedding parameters all the way to 1.2 billion. Ours ranged from 12 thousand to 9 million
parameters - even our biggest models are dwarfed by their smallest.

4.1.3 Ensembling

After replicating the parameter scaling laws and having a substantial amount of models to test
with, we started ensembling the models. Different experiments were executed, which shall
be explained in this subsection. For our first test, we took all possible combinations of our
models. We divided them into groups, being all possible 2-model combinations, 3-models, and
up to 5-model combinations. From each of these, we sampled 50 ensembles randomly, so that
testing became a lot faster, as trying all possible combinations took way too long. To combine
the results of each model, the mean was the chosen method - so for all ensembles, the mean of
the predictions of all their base models was taken and analyzed as the final prediction.
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Figure 4.4: Models and ensembles plotted together. Lines were drawn to indicate the fit (pos-
sible progression) of models (red), ensembles (green), and the power law provided
by Kaplan et al (blue).

The results were quite interesting, with ensembles that could present better results than all
of their base models, but the scaling of ensembles turned out to be much less beneficial than
the scaling of actual models. Using the same logic to calculate a power law using our ensemble
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4.1 Results

results as a base, we see that this power law differs strongly from our model one. Having
an a = 0.046, and thus a much worse scaling over time. Assuming this line would stay true
for bigger and bigger ensembles, we see that training models to the same size would always
outperform our ensembles. But in turn, it also poses the possibility of better results without
any more training, even if with diminishing returns - considering the models to ensemble are
already available.

When comparing the ensemble’s performance with their smallest base model, we see that
almost in every sampled case we see direct improvement - from that we see that ensembling
smaller/worse models with bigger and better-performing ones results in better results almost
every time, when averaging their outputs.
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Figure 4.5: Comparing ensembles with their smallest base model. In every case, the ensem-
bles outperform the models, following scaling laws: more parameters, more perfor-
mance.

In contrary, when analysing the validation loss results from our models taking only the
biggest model in the ensemble, we see that the ensemble’s performance is closely tied to them,
rarely outperforming the base models. This still proves worthy of consideration, as in some
cases it still provides better performance, even if marginally.

In summary, we see that ensembling different models always results in a better performance
when comparing them with their worst-performer base model. It can also result in better
outputs than their best performer base model, but only in a few cases. This shows that there
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Figure 4.6: Comparing ensembles with their biggest base model. In some cases, ensembles out-
perform the models, but not in all situations, showing that the performance of the
biggest base learner still is a very important variable.

is a benefit in ensembling, as we can increase performance on average, without any extra
training - though marginally. Even then, it is worth noting, that training bigger models results
in a better performance to parameters ratio, as our ensembles are fit to a much flatter line of
improvement, based on our observations.
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4.1 Results

4.1.4 Ensembling similar models

While in the previous experiment, we tested all possibilities and combinations, for this we tried
ensembling only models with the same number of layers and embeddings - the only difference
in training being their seed so that the end results would not be completely equal. This resulted,
as expected, in very similar models, with very similar outputs. The main hypothesis would
be that similar models would provide better outcomes when ensembled together than totally
different models. In previous experiments we were able to see that usually, the bigger models
would be the driving factor on the loss of the ensembles, so we also wanted to examine whether
ensembling very similar models would yield a better overall result.
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Figure 4.7: Ensembling results. As all models have the same amount of parameters, the first
column represents the results of the models themselves. The second is the result of
all 2-model combinations, and so forth, up to the only possible 5-model ensemble.

The models used all had 4 layers with 64 as the number of embeddings. Because of that,
all of them had 196608 parameters total, with their ensembles always having a multiple of
this number. The variation of loss between the models themselves was already apparent after
training. The best model scored 4.69 in validation loss, whilst the worst scored around 4.77.
A not so great difference when analysing different models, but considering all of these were
trained with the same conditions and parameters, this takes on more importance and we can
clearly note that there is some variation when it comes to the training of nearly identical large
language models.

This variation was also directly transferred to our ensembles. Looking at the data, it seems
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4 Methodology and Results

apparent that ensembles that utilize the best performing model outperform the others, making
the ensembles themselves have a strong variation within their ranks. Nonetheless, it is very
important to note, that in our experiments, even the worst ensemble practically equaled the
best model, and when analyzing our medians, we see that increasing the number of models in
an ensemble improves performance. Even then, when analyzing our data, we did not find any
substantial increase in performance when using models with similar/equal structures. When
plotted with all other ensembles, we note that they are not the best performers for their size,
as models and other ensembles beat them with some margin.
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Figure 4.8: (a) All models and ensembles plotted together, the x-axis being their non-embedding
parameters, and y-axis their validation loss. The ensembles analyzed in this chapter
(same structure) are highlighted in blue. (b) Same plot as on the left, but zoomed in
for better understanding.

When analyzing other methods of aggregating results, more specifically minimum and max-
imum from all base model predictions, we noted a different outcome. In both scenarios, there
were little to no performance benefits, and the results looked a lot more random throughout all
predictions. The minimum function as aggregator showed little improvement when increasing
ensemble size, with the best median result from the ensembles barely beating the mean from
the models themselves.

When using the maximum, even the best-performing ensemble only results in a validation
loss on par with the best-performing model, barely beating it by 0.003 points, which because
of randomness in our predictions, is completely negligible. The medians still showed some
improvement with bigger ensembles, but the results were overshadowed by the performance
when using the mean as the aggregator.
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Figure 4.9: (a) Using the minimum as aggregator for all model outputs delivers worse results

than our best model, and almost negligible improvement on average. (b) Using the
maximum of all model outputs gives us better results than the minimum on average,
but all ensembles still perform worse than our best-performing model.
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5 Conclusion

In this thesis, we analysed the performance effects of ensembling large language models. To
do that, we started by replicating and analyzing the scaling laws defined by Kaplan et al [9], in
a search for a better way to scale models, using ensembles, maybe even breaking these laws.
We trained 13 models, with different configurations when it came to size, number of layers,
and other factors, while keeping dataset and compute power as constant as possible through-
out training. This gave us the possibility, not only of comparing our results directly with the
aforementioned law but also of further research by ensembling the models and examining the
outcome.

We observed that our models closely followed the laws established by Kaplan et al, whilst
the ensembling results did not. They did not scale as well with their size, resulting in a less
optimal performance-to-size ratio. To mitigate that, we looked into other possible variables,
such as ensembling only models with similar structures, and using different aggregating meth-
ods. These, however, also did not improve our models’ performance by much, maintaining our
outcome. Model structure did not seem to matter to performance: similar models did not en-
semble better than randomly picked ones. The different aggregation methods also did not seem
to provide us with better results than ensembling by using the average of all predictions. We
noticed that in all our results, when using random ensembles and the average for ensembling,
the ensembles always outperformed their worst base model (when using validation loss as our
metric), but only in some cases outperformed their best base models.

Thus considering a scenario similar to ours in this thesis, where the models are already
available, ensembling might be a useful tool in pushing the performance to slightly better lev-
els without training new models. Even then, it is worth noting that models trained to the same
size always perform better than the ensembles based on our observations, so training models
directly with ensembling in mind seems like a very suboptimal use of training resources. There
is still space for more research, as the possibilities when it comes to ensembles are very abun-
dant, and due to time constraints, we could not explore most of them. One of the possible areas
worth exploring is training the ensembles themselves for some epochs/steps, or implementing
more complex ensembling methods, such as AdaBoost [4]. These might be the breakthroughs
needed to overcome the scaling laws proposed by Kaplan et al and reach new heights in the
performance of modern large language models.
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