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Abstract
Tis hesis explores he eeiveness o ensembling large language models in relaion o he
saling laws dened by Kaplan e al. By raining 13 models wih varying onguraions while
no allowing he daase and ompue budge o limi our resuls, we analyzed how ensembling
aes perormane when using he average, minimum, and maximum unions as aggrega-
ors. Our ndings show ha while ensembles onsisenly ouperorm heir wors-perorming
base models, hey do no sale as efienly as single large models and oen ail o surpass heir
bes base models. Tese resuls sugges ha ensembling, while useul or marginal improve-
mens, is no a subsiue or direly raining larger models bu ould serve as an alernaive
ool o improve perormane when muliple models are already available.
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1 Introduction

1.1 Motivation and Background
In he realm o ariial inelligene and macine learning here are sill a lo o possibiliies
and insighs o be explored. Having ha as a rame o mind, nding new ways o improve
raining, perormane, and efieny is o umos imporane o urher develop he eld. In
heir paper [9] Kaplan e al ound ha we an see muliple relaions beween a neural language
model’s perormane (log-likelihood loss, or example) and heir eaures - in his hesis, he
amoun o parameers is he one whic we lay our ous upon.

Tey observed a onsisen saling beween ha loss and he non-embedding parameer
oun, whic is a very ineresing nd, ha raised he quesion o how ensembles would  in
hese saling laws dened by he auhors. While hese laws provide us wih a base o work
and predi perormane when raining new models, hey limi and onsrain wha should be
possible - overoming hese laws ould provide us wih a new breakhrough in he eld. Tus i
is o imporane o es hese boundaries o see i we an break hem, and push our developmen
o large language models orward. Tis is he main goal o his hesis, wih a ous on ensemble
experimens, rying o nd heir plae in he laws dened by oher researcers, while using he
laws hemselves as he bencmark o be bea.

In heir sudy o orrelaed represenaions in onrasive learning, Klüermann e al [12]
observed ha while using an ensemble o models insead o a single model beer resuls ould
be acieved, having less bias, as non-orrelaed represenaions o one model did no mac he
ones rom oher models. Tey managed o ge signianly beer resuls while keeping he
amoun o parameers a a similar level. As a resul, his provided us wih he desire o analyze
i similar ees ould be reprodued in large language models, signianly inreasing he
perormane wihou canging radially he amoun o parameers and wihou exra raining,
and hus analyzing how ha would inera wih he saling laws o Kaplan e al.

o acieve his, 13 models were rained - heir losses, parameers, and raining ime were
analyzed. From his base, we experimened wih ensembling, is ees, and ouomes. Dier-
en mehods o aggregaing prediions were esed, and he relaions o he saling laws were
measured and examined in he searc or a perormane improvemen ha would pull apar
rom he laws devised by Kaplan e al.

1.2 Thesis Structure
Tis hesis is divided ino 6 capers.

• Te rs caper deals direly wih large language models. I presens a baground ino
heir hisory, and hen i moves ino he ecnial baground o LLMs, rom loss un-
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1 Introduction

ions, and gradien desen, o he ransormer arcieure and generaive pre-rained
ransormers.

• Te seond caper presens a shor inroduion o ensembles, how hey work, why
hey work, and he dieren mehods one an use o acieve a desired end resul using
ensembling.

• Te hird caper onsiss o he mehodology o his hesis. Wha was done, whic
experimens were ondued, wha ools were used, and i presens all resuls rom he
experimens ondued in his hesis. I explains he experimens, and how hey were
ondued in more deail and presens hypoheses and onlusions aken rom hose
ouomes.

• Te las caper summarizes he ndings o his hesis, onludes i and presens a dis-
ussion abou wha an be urher researced in he uure, omplemening his sudy.
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2 Large Language Models
Language is a he roos o human developmen. Working ogeher wih our peers is wha
makes siene possible he way i is and behind all ha lies a powerul ool, oen overlooked,
as i is so ommon and so presen in our lives: language. From he momen we are born, we are
exposed o i, and human lives aremolded by i. Compuers, on he oher hand, la he apaiy
o inrinsially omprehend and ommuniae in human language, and o solve ha language
modeling [22] was devised. Naural language processing (NLP) emerges as he branc dediaed
o he reaion o macines apable o reading, wriing, undersanding human language - and
muc more hrough heir emergen abiliies [24].

In he beginning, researcers developed saisical languagemodels (SLMs). Tesemeremah-
emaial models would analyze properies o naural language rom a probabilisi saisial
perspeive [22]. ake or example he ollowing senene: ”I ome rom Brazil”.  () rep-
resens he probabiliy o a word  , wih  being he -h word o a senene. Now or he
likelihood o he whole senene, we have:

 (1,2,3,4) =  (I, come, rom, Brazil)

o alulae ha, we need o employ ondiional probabiliy unil we ge he probabiliies or
his spei senene. o ge he probabiliies or eac word, maximum likelihood esimaion
would be used, by aking ino aoun he requenies o eac word as he -h member o he
sequene, by also analyzing he res o he laer. Te problem wih his approac would be he
huge amoun o possible sequenes, whic posed sorage limiaions and hus a reduion in
he model’s auray [22].

o solve ha, researcers sared leveraging neural neworks o do his ask. Firsly, hey
needed o okenize and veorize inpus, so ha he algorihms ould inerpre hem. We ex-
plore his opi deeper in he ollowing subseions. Tese new models, alled neural language
models ould hus ake longer sequenes ino aoun, and generae muc beer resuls. Tey
sill worked similarly o SLMs, bu were muc more omplex and eeive. Pre-rained lan-
guage models would also soon beome he norm, as a ype o neural language model, as hey
allowed he use o even bigger daases in a semi-supervised learning environmen.

From ha, we go he rs large language models (LLMs), whic are more presen in he
everyday lives o all o us han ever. Wih he rise in populariy o models suc as ChaGP,
LLaMMA, DeepSeek, and ohers, he bigger beomes he imporane o undersanding he un-
derlying mecanisms behind hese ecnologial advanemens and heir origins, whic we
will explore in his caper briey.

LLMs are advaned ariial inelligene sysems rained on vas amouns o daa and pa-
rameers o undersand and generae human-like language. Using deep learning ecniques,
pariularly he ransormer arcieure [20], LLMs analyze paerns in a ex o predi and
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2 Large Language Models

generae oheren responses, answer quesions, summarize inormaion, and even reae on-
en. Tese models, proess inpu by breaking i ino okens [23][13] and leveraging housands
o rillions o parameers o deermine he mos onexually relevan oupu. Tese models
are also able o develop emergen abiliies, whic are only visible aer a erain size and sale
[24], and allow hem o be inredible generaliss or many dieren appliaions.

Teir appliaions range romcabos - suc as ChaGP rom OpenAI - o virual assisans
or ode generaion and onen reaion, making hem powerul ools or various indusries.
Te uing-edge models available an already handle images, being able o generae hem on
he spo based on promps, o desribing hem ba in deail or people who anno see. Teir
appliaions are exremely diverse, as language permeaes everyhing in our lives.

2.1 Background
2.1.1 Loss and gradient descent
One o he pillars o macine learning, is how we an evaluae wheher resuls are being mean-
ingully generaed, our samples orrely lassied, or represen well real-lie expeaions. o
do ha, we use loss unions. Also alled os unions or error unions, hey alulae he
os o a spei deision [6]. A simplisi way o explaining hem or macine learning would
be a unions whic give he dierene beween expeed and aual values. As a resul, when
expeed and predied values are very similar aording o our loss unions, we ge a very
small error, and he opposie or big disrepanies. I boh mac, we have an error o 0. For
suc an end, one an use many dieren mehods, or example, he squared error loss [6]:

( ,  ( )) = ( −  ( ))2

Where  is he loss union,  he aual values, and  ( ) our model prediion. We square
he dierene beween hem so ha our error says always posiive.

Anoher very robus loss union is cross-enropy loss. Cross-enropy loss is caraerized by
he use o he log union, and by resuling in values beween 1 (wors ase) and 0 (bes ase).
In his hesis, we use ross-enropy loss direly o measure he perormane o our models and
ensembles.

( ,  ( )) = − [ log( ( )) + (1 −  ) log(1 −  ( ))]
Tis loss union is he one used or he raining o many language models, or i aligns well

wih probabiliy-based prediions. Many models use or example he somax union in heir
prediions, wih whom he loss union ineras very well by penalizing bad deisions and
reinoring orre ones, making i a very robus alernaive in he realm o neural language
models.

Also very imporan in his opi, is gradien descen. Gradien desen helps us direly
o minimize he loss o our models, by mahemaial opimizaion. I works only on dened
and diereniable unions, as we use diereniaion direly o alulae he direion o our
desen/asen. Te main idea o i is o ake seps owards he gradien o he union we are
analysing, and he size o hese seps are alled learning rae [8].
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2.1 Background

Te learning rae isel denes how big our jumps wihin he gradiens are going o be.
Smaller learning raes resul in smaller seps - ha an be beneial, as onverging muc more
preisely o a loal minimum beomes easier. On he oher hand, wih suc small seps, we
migh ge su in subopimal loal minima, or ake oo long o reac proper resuls. oo high
learning raes an also ause problems: i an make us jump over loal minima (overshoo) and
hus never nd he desired resuls. As a resul, in mos ases, he learning rae is varied during
raining, eiher by a xed scedule or by using an adapive learning rae. Tis makes sure we
ge ”he bes o boh worlds”, having he preision o low learning raes, wih he praialiy
as speed o high ones ombined.

So or a loss union  , wih an  () in he neighborhood o a poin , he union  will
derease he ases in he direion o he negaive gradien [8]. So by alulaing he negaive
gradien o he union − (1) and muliplying i by our learning rae  and summing i o
he previous posiion, we ge

+1 =  −  ()
and i our learning rae is reasonable, we should ge ha  () ≥  (+1).

Inside his opi, we an dene dieren ypes o gradien algorihms. One o hese ypes
is he frs-order gradien opimizaion algorihms or seepes descen mehod. Tese algorihms
are caraerized, as he name implies, by he use o he rs-order gradien, as we saw in he
previous examples. Tey are no as powerul in some sense, ompared o oher possible meh-
ods, suc as he Newon Mehod [8], bu beause o heir simpliiy, small memory ooprin,
and efieny, hey are used by mos large-sale macine learning algorihms nowadays.

An example o hese algorihms is he bach gradien descen, whic a eac ieraion uses he
enire raining daase o alulae he nex gradien veor [8].

+1 =  −  (; ( , ))

I is a powerul soluion ha guaranees onvergene in onvex daases, bu ha an be ex-
remely slow in he ase o large daases, ha someimes anno even  ino memory.

Tis led o advanemens and he developmen o oher algorihms ha ook advanage o
dieren ecniques. One o hese algorihms is alled Adam [8]. Te Adam opimizer [11] is
a widely used rs-order gradien-based, used as he algorihm by Kaplan e al in heir sudy
o saling laws [9]. I mainains wo moving averages: one or pas gradiens, denoed as ,
and anoher or he squared gradiens, represened as  . Tese help adjus he learning rae
dynamially or eac parameer.

+1 = 1 + (1 − 1)( )

+1 = 2 + (1 − 2)2( )
Here, represens he exponenially weighed average o previous gradiens wih a deay

aor 1, while  ras he average o squared gradiens wih a deay aor 2. ypially, 1
and 2 are se lose o 1, whic may lead o slow updaes a he beginning o raining due o
iniial bias. o miigae his issue, bias-orreed esimaes are inrodued:
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̂ =


1 − 1

̂ =


1 − 2

One he bias-orreed esimaes are obained, hey are used o updae hemodel parameers
as ollows:

+1 =  −
√
̂ + 

̂

Te deaul hyperparameer values or Adam are 1 = 0.9, 2 = 0.999, and  = 10−8.
Adam has gained widespread populariy in deep learning due o is efieny, sabiliy, and
adapabiliy, requiringminimalmanual uning o learning raes ompared o oher opimizaion
mehods, whils also solving he problems presen in bac gradien desen, as we do no need
o analyze he whole daase o ge gradien resuls.

In onlusion, gradien desen, loss unions, and learning rae are key oneps in ma-
cine learning in general, ha also losely apply o he world o language models. Loss or
error unions are he bencmarks or models wheher heir perormane is saisaory and
reacing he desired oupus. Wihou i raining is no possible, and hus macine learning
isel as well. Gradien desen, srongly linked o he ormer, is wha allows us o nd he
bes way o redue our loss and ge o he desired resuls, by using he gradiens o unions,
mos ommonly he rs-order gradien. Learning rae omes hen ino play, as we need o
areully nd he bes possible sep sizes in many siuaions, so ha we ge boh eeive and
as progress, as preision in he searc or loal minima.

2.1.2 Tokenization
okenizaion is an imporan sep in he pre-proessing done or large language models [23].
As humans, we usually ake he meaning o words or graned, bu or algorihms, we need o
nd some new way o giving and soring meaning in ways ha we an easily reprodue and
rerieve laer. okenizaion is he proess o deomposing inormaion and dening okens,
hese basi unis o knowledge whic an be used by macine learning algorihms o learn and
predi resuls. A rs, his mean spliing onen ino senenes or words, due o linguis-
i moivaions. Nowadays he mos eeive mehods are hose ha spli even urher, wih
words being spli ino smaller subwords whic are han used as okens [13]. Tese okens are
hus non-linguisially moivaed unis and do no arry he same meaning as old okenizaion
mehods would use (per word/senene okenizaion). One o he modern subword okeniza-
ion algorihm is Bye-Pair-Encoding (BPE) [13][5].

Bye Pair Enoding is a okenizaion ecnique ha ieraively merges requenly ourring
pairs o adjaen symbols ino a single oken. Te proess begins wih a basi voabulary
onsising o individual caraers or byes. A eac sep, he mos ommon adjaen symbol
pair is idenied and replaed wih a new oken represening ha pair. Tis merging proess
oninues unil a predened voabulary size is reaced.
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BPE is widely used in naural language proessing asks, pariularly in subword okeniza-
ion or neural nework-based models, as i helps efienly handle rare words and redues he
overall voabulary size while preserving word sruures.

o urher read abou okenizaion, see [13].

2.1.3 Transformers and attention
On he paper ”Aenion is All YouNeed” [20], Vaswani e al inrodued heworld he onep o
he ransormer. Originally, ransormers were oused on ranslaion asks, bu wih ime, hey
sared being used in muliple aes o macine learning, rom naural language proessing o
ompuer vision. Te ransormer was a new arcieure oused direly in he aenion
mecanism and had muc beer perormane han pas sraegies, suc as he use o reurren
neural neworks. Te ype o aenion in ransormers is alled sel-aenion.

Tis new aenionmecanism allowed an edge over oher arcieures, as i made i possible
or models o have beer onex and long-erm memory. Dieren models, using RNNs or
example, have rouble wih senenes like ”Te qui brown ox jumped over he lazy dog, ha
jus sared a i”. In his senene ”i” reers o he ox, bu a normal RNNwould sruggle o link
his, and produe subopimal resuls, as is la o an aenion mecanism limis he memory
o he model. ransormers miigae his in he way ha hey use muliple heads o aenion,
ha give dieren okens dieren ”aenion”, or raher sale heir veors so ha hey remain
imporan in he onex we are in a he momen.

Figure 2.1: Basi ransormer arcieure [1].

Te spei aenion union used in ransormers is alled scaled do-produc atenion.
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2 Large Language Models

Te inpu o his union is he queries and keys, wih dimension  , and he values wih
dimension  . Wih his, we alulae he do produ o queries and keys, divide i by

√
 ,

and use a somax union o ge heir respeive weighs.
In he aual use o he ransormers, we use veors or eac o he inpus, being  he

queries,  he keys, and  he values.

Aenion(,, ) = somax
(


√


)


Now o urher inrease he perormane, we use muli-head aenion. Insead o using a
single aenion union, he auhors in [20] ound i beneial ”o linearly proje he queries,
keys, and values ℎ imes wih dieren, learned linear projeions do  ,  and  dimensions,
respeively”. Tese allow us o run he aenion union in parallel, onaenae he resuls,
and proje hem one again, generaing he nal values. Having muli-head aenion makes
i possible o onsider inormaion rom dieren subspaes a dieren posiions.

MuliHead(,, ) = Cona(head1, . . . , headℎ)

where head = Aenion(
 , 

 ,
 )

Where he projeions are parameer maries


  Rmodel× ,  

  Rmodel× , 
  Rmodel× ,   Rℎ×model [20] .

Tis is hen used by ransormers in hree dieren ways [20]:

• Enoder-deoder aenion, where he queries ome rom he previous deoder layers,
while he keys and values rom he oupu o he enoder;

• Enoder onaining sel-aenion layers, where all keys, values, and queries ome rom
he oupu o he previous enoder layer.

• Deoder wih sel-aenion layers, ha allow eac posiion in i o aend all posiions
up o and inluding ha posiion.

Layers in he enoder and deoders also onain ully onneed eed-orward neworks,
whic are applied o eac posiion separaely and idenially [20]. Anoher imporan eaure
o ransormers is heir embeddings. Using he learned embeddings, ransormers onver inpu
and oupu oken o veors, whic using he somax union, onver he deoder oupus o
probabiliies o new okens. Also beause here is no reurrene and no onvoluion, we need
o inser he posiion o okens ino embeddings.
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Figure 2.2: Visual represenaion o boh saled do-produ aenion (le) and muli-head a-
enion (righ) [20].

2.1.4 Generative pre-trained transformer

One o he mos amous uses o ransormers is he generaive pre-rained ransormer, usually
jus alled GP. GPs are he basi building blos o modern appliaions suc as ChaGP,
whic is propelled by he use o generaive pre-raining [15]. Tis pre-raining deals direly
wih one o he difulies o raining large language models: he daase o rain on, whic
mus oen be manually labeled by researcers. Pre-raining is rooed in ranser learning [21],
and hus allows he model o rain in large, unlabeled, raw ex daases, whic ailiaes he
raining o big models ha perorm well in dieren senarios. I was rs developed as a orm
o semi-supervised macine learning, so ha rs he models would be rained on unlabeled
daases, and hen would be esed using labeled daases, beering he resuls, whils keeping
he eor needed o label and aegorize manageable. When done in enoder-deoder rans-
ormers i an lead o a unied model ha an boh undersand and generae in he onex o
language. Beore ha, mos sudies would sugges he use o spei models or spei asks,
wih high speializaion.
GP-1 was he rs o OpenAI’s ransormer based models [15]. Up unil his poin, he bes

models one ould nd in he neural language proession landsape were all supervised models.
Te apabiliy o raining a model unsupervised wih exra ne-uning aerward provided
he breakhrough needed in he eld. I was rained on BookCorpus, an unpublished books
daabase, and had a size o 117M parameers [15].

Aer he developmen o he rs generaive pre-rained ransormers, a very imporan
cepoin was he inroduion o GP-2 [16]. GP-2 was a model developed by OpenAI and
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GPT-1 (2018)
117M

parameers,
rained on

BooksCorpus.

GPT-2 (2019)
1.5B

parameers,
beer ex
generaion,
iniially
wihheld.

GPT-3 (2020)
175B

parameers,
improved
ew-sho

learning and
oherene.

GPT-4 (2023)
Mulimodal,

beer
reasoning
and aual
auray.

GPT-4o
(2024)

Opimized,
aser,
ceaper,
beer

real-ime
ineraion.

Figure 2.3: imeline o GP models

released in 2019. I was a dire improvemen upon GP-1, he rs generaion o he GP
models, by having over an order o magniude more parameers. I ould zero-sho - meaning
perorm asks no in he raining daa, wihou demonsraions - and ouperorm mos o he
sae-o-he-ar models ba in is release year. Models an also ”ew-sho”, where hey reeive
as many demonsraions as heir onex window allows, or one-sho, meaning hey have one
example in heir inpu showing how o perorm he ask [2].

A he ore o GP-2 lies language modeling [16]. Beause language is mosly sequenial,
we an use a model o predi he nex erm in his sequene - he nex oken, he nex word.
By doing ha, we have resuls ha an orrespond o our expeaions. Mos imes, however,
here are oo many possible answers or a single problem or many ways o dening a single
ask. o alulae ha, we need no only a probabiliy or eac siuaion, his probabiliy mus
depend on inpu and he ask a hand. ransormers [20] helped solve his direly, by using
sel-aenion, whic basially allows us o enapsulae his ask ino he meaning o an inpu.
Tis allowed GP-2 o zero-sho o sae-o-he-ar perormane in many language modeling
daases, wihou dire supervision.

Aer he developmen o GP-2, ame he bigger and beer GP-3 [2]. Boh models are
very similar in arcieure, boh being deoder only and generaive pre-rained ransormers.
Te main dierene lies in GP-3’s size: i has ira 175 billion parameers, resuling in a
muc larger model han is predeessor. I ould also ew-sho and one-sho o sae-o-he-
ar in some asks, and would also perorm very promisingly in zero-sho senarios. rained
on 5 very large daases, Common Crawl being he bigges, generaed grea resuls, ha ould
unorunaely someimes also be oxi - Common Crawl onained unlered daa rom all over
he inerne, and hus also owl language and oxi behavior. Many measures were pu in plae
by OpenAI o limi he oxiiy, whic worked and redued i o muc lower levels.

Te laes ieraion o generaive pre-rained ransormermodels is GP-4 [3]. Temodel an
perorm a human level in many dieren asks bu sill suers rom some o he problems o
older generaions, suc as halluinaions (making up inormaion). Tis was one o he aspes
he eam o developers ried o improve upon, esing he model wih real-world exams, and
grading he resuls. GP-4 was able, or example, o pass he bar exam wih a perormane in
he op 10% o es akers [3].

GP-4 also is a mulimodal model, meaning i an also ake images as inpu, inerpre hem,
and omplee asks based on ha. Tis represens a new sep oward general-use ariial in-
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elligene, wih powerul apabiliies ha an permeae our enire lives - romcabos ha an
answer simple quesions, ranslae rom dieren languages in a naural manner, o seeing and
desribing images or people wih impaired vision. Soon aer ame also GP-4o, an opimized
version o GP-4, working more efienly whils delivering even more. GP-4o is apable o
proessing and generaing ex, images, and even audio [14], making i inredibly versaile.

Te evoluion o GP models rom GP-1 o GP-4o showases he rapid advanemens in
language model apabiliies. Eac new ieraion has brough signian improvemens, rom
he inroduion o unsupervised pre-raining in GP-1 o he zero-sho, ew-sho, and one-sho
learning apabiliies o GP-2 and GP-3. Wih GP-4, we saw a leap in reasoning abiliies and
mulimodal inpus, urher expanding he model’s praial appliaions.

Now, wih GP-4o, efieny and versailiy have reaced new heighs, inegraing ex, im-
age, and even audio proessing ino a single model. Tese advanemens highligh no jus
he growh o AI-powered language models, bu also heir inreasing role in real-world ap-
pliaions. While callenges like halluinaions and bias sill exis, oninuous researc and
improvemens push he boundaries o wha AI an acieve, moving us loser o more general
and reliable ariial inelligene sysems.

2.2 Scaling Laws

On he opi o raining large language models, efieny is o umos imporane. Te bes
perormane possible, wih he leas amoun o ompue power, raining, and model size is a
ommon goal hroughou all macine learning models, non-exluding neural language ones.
Speially on his opi, Kaplan e al perormed exensive researc [9], and dened saling
laws o neural language models. Using he ransormer arcieure as he base, hey evaluaed
he impa o dieren aors - suc as parameer oun, ompue ime and daase size - on
he loss o a model.

Whils he saling laws are grea ways o prediing perormane, hey inherenly limi wha
an and anno be acieved. Tis opens many possibiliies or researc when looking or ways
o break ree rom hese onsrains and acieve even beer perormane - one o hem being
he ensembling o LLMs.

2.2.1 A summary of scaling laws

From heir researc [9], Kaplan e al made several observaions ha resuled in he ormulaion
o heir saling laws:

• Sale is more relevan o perormane han model shape. Deph and widh o he model’s
arcieure are no as imporan - wha maers mos are model size, daase size, and
amoun o ompue, where more o all o hem equals beer perormane.

• We see smooh power laws. Perormane sales direly wih daase size, parameer
oun (non-embedding) and ompue power, when no limied by one o he ohers.
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• I we sale parameer oun bu no daase size, and vie versa, overing happens. We
do see beer perormane, bu srongly diminishing reurns. Saling boh in proporion
guaranees prediably beer resuls.

• raining urves ollow power laws ha are roughly independen on model size. From
he early resuls o he raining urve, we an exrapolae is developmen. Tis allows
us o ondu experimens using a muc smaller sale han he original researc paper,
ailiaing raining overall.

• When ranserring models o dieren daases, here is a srong orrelaion beween
raining/validaion loss, and he loss in he new daases. Te resuls are srongly orre-
laed, here is only a mosly onsan ose in he loss.

• Smaller models are no more sample-efien. Larger models reac he same sample
efieny wih ewer opimizaion seps.

• When we have a limied ompue budge, he bes perormane is acieved by raining
very large models and sopping shy o onvergene.

• Te opimal bac size is roughly a power o only he loss. I an be deermined by
measuring he gradien noise sale.

Tus we onlude he loss o a ransormer rained auoregressively an be predied using
a power-law when limied only by one o he aors (daase size, non-embedding parameer
oun and ompue budge). Considering  as he number o non-embedding parameers, 
as he ompue budge, and  as he daase size, he ollowing power-laws are hus appliable
[9]:

1. When he number o parameers is limied, on a large enough daase, rained o onver-
gene (no limiaions on ompue):

( ) =
(




)

,  ∼ 0.076,  ∼ 8.8 × 1013 (non-embedding parameers)

2. For large models rained wih a limied daase wih early sopping:

() =
(




)

,  ∼ 0.095,  ∼ 5.4 × 1013 (okens)

3. Wih a limied amoun o ompue budge, big enough daase and opimally sized model
and small bac size:

(min) =
(
min


min

)min


, min
 ∼ 0.050, min

 ∼ 3.1 × 108 (PF-days)

12



2.2 Scaling Laws

Figure 2.4: Relaion beween loss and parameer oun. Te Loss goes down on he es spli
on all esed daases - and his ransers also o oher disribuions. [9]

Tese onsisen saling relaions allow us o even predi loss resuls rom he inormaion
we have, bringing he sudy no only observaional imporane bu also prediion apabiliies
ha an be used in he raining o all sors o language models. Examples are nding he
ompue saling, magniude o overing, early sopping sep, and daa requiremens when
raining large language models [9].

In shor, he saling laws ound by Kaplan e al give us a lear way o undersand and improve
he raining o large language models. Tey show how parameer oun, daase size, and
ompue budge inera, helping researcers make beer coies abou how o use resoures
efienly. Bu hey onsrain and limi wha should be acievable, and aking hem as absolue
laws o naure an be derimenal o he uure developmen o large language models. Te
possibiliy o breaking hese laws and nding even beer bounds or perormane by using
ensembling is he dire goal o his hesis, as also analyzing and nding new pahs or uure
researc on he opi.

13



3 Ensembles
Ensembles o macine learning models are a powerul ool in he searc or efieny and per-
ormane in he ariial inelligene world. Tey are a onglomerae o smaller, base learners
or base prediors ha may or may no work on heir own [19]. Tey an be ormed o muliple
ypes o models - inluding large language models - and many dieren mehods an be used o
agglomerae heir resuls ohesively. Examples ould go rom simple suc as using mean, min-
imum, and maximum values, o boosing, bagging, and oher more omplex soluions whic
will be explored in he ollowing subseions.

Te main power o ensembles omes rom he diversiy in heir models: dieren models
learn dieren aspes o daases, and when pu ogeher, heir dieren opinions an be used
o nd some ommon ground, whicmay yield beer resuls wihou raining newmodels [19].
For example, in heir researc on he opi o onrasive learning, Klüermann e al observed
ha ensembling muliple models resuled in a beer perormane han having single bigger
models. Tey presen ha he ouome may be suc, as he hidden layers o eac model end
o learn dieren eaures in he daases, and hen when ombined, hey orm a ohesive and
more robus prediion model [12].

3.1 Combining results
3.1.1 Aggregating predictions
Aggregaing mehods are usually he simples o implemen. A simple example would be aver-
aging he resuls beween he dieren base prediors or regression asks, whic is one o he
mehods used in he experimens presened in his hesis. In his spei mehod, he average
o all prediions o all base learners is alulaed, nding some sor o middle ground beween
all prediions, ha migh be loser o he values we are looking or.

For lassiaion, anoher possibiliy is he use o majoriy voing. Te ensemble akes he
lassiaion resuls rom eac base learner as a voe, and he one wih he mos voes is on-
sidered he end resul. Some oher orms o aggregaing an be done by using macine learning
isel o reae models ha pi prediions or pars o prediions rom he dieren base learn-
ers o in he end reac a single onlusion, whic is alled saing [19].

3.1.2 Bagging
Bagging is a mehodcaraerized by he a ha manyweak learners an be rained in parallel
and independenly. One o he amous bagging mehods is Random Subspaces [7]. When using
random subspaes, eac base learner (usually a deision ree) has aess o he whole daase
bu only analyses a subse o he dimensions. As a resul, we end up having muliple models
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ha an be a very srong  or heir dimensions, as eac ree is given as many spli nodes
as needed o 100% auray in he raining. However, hese models are sill onsidered weak
prediors when i omes o he whole daase. o ge a nal resul, we an ake all prediions
rom all weak learners and hrough majoriy voing aegorize i. In he ase o regression,
using he average o all models is also a ommon soluion.

3.1.3 Boosting
A dieren way o approacing he problem, is by using boosing. Boosing is a way o geing
beer resuls, in whic we add new base learners o an ensemble sequenially, in a way ha
new models pay loser aenion o he errors ommied by he previous ieraion [19]. Tis
an o ourse be done in muliple ways, whic resuls in muliple algorihms.

For example, he rs boosing algorihm [17] [19] was very simple, using only 3 base learn-
ers. Te rs model would rain on he whole daase and make is prediions. Te seond
model would hen only rain using a subse o he daase where hal he daa poins were he
ones he rs base learner predied alsely. Te hird one would only rain on he daa poins
where boh models disagreed i here were any. Te end resul would be cosen based on a ma-
joriy voe. Tis produed beer resuls and showed new ways researcers ould expand heir
sudies in macine learning. One o he mos amous boosing algorihms is he one ommonly
alled AdaBoos, or adapive boosing [4][19]. I onsiss mosly o muliple base models and i
is caraerized by he use o weighs, or boh base learners and samples.

15



4 Methodology and Results

Tiscaper ouses on he mehods used in his hesis o perorm all experimens, and presens
heir resuls in a ohesive and undersandable manner. I goes rom repliaing saling laws
and raining models or he researc o he ensembling proess, he unions used, he per-
ormane variaion analyzed. For he experimens done in his hesis, nanoGP [10] was used,
a reposiory speialized in small/medium-sized GPs. I was developed by Andrej Karpahy,
being a rewrie o his minGP, anoher reposiory oused on ailiaing he raining o GP
models o smaller size, wih very shor and readable ode.

Te dependenies used in nanoGP - and hus also in his hesis - are he ollowing:

• Pyorc;

• Numpy;

• ransormers library rom Hugging Fae;

• Daases library rom Hugging Fae;

• ikoken or OpenAI’s BPE;

• WandB or logging on some experimens.

Repliaing he saling laws ound in [9] proved isel o be more callenging han expeed.
In hindsigh, he wrong onguraions were used in earlier experimens, whic resuled in
inorre resuls ha did no all under he saling laws proposed by Kaplan e al. As a resul,
libraries/reposiories were searced o nd some way o implemening hem more direly, so
ha our eors ould be beer expended in he aual researc. Tis way, heGihub reposiory
by Ali Shehper[18] was ound and i proposed he exa soluion we were looking or. Te
direory is a ork o nanoGP ha inludes onguraion les o repliae he experimens
done by Kaplan e al [9].

We rained all o he models or 2.5 × 105 seps, wih a bac size o 512 sequenes o 1024
okens. Tese resuled in raining imes o 3 o 6 days, using he OpenWebex daase or
raining and valuaion. OpenWebex is an open-soure repliaion o he daase used by
Kaplan e al and OpenAI o rain GP-2. Temodels rained also were muc smaller - insead o
ranging rom 760 o 1.5 billion non-embedding parameers [9] - ours ranged rom 12 housand
o ira 9 million non-embedding parameers, showing ha saling laws are also presen on a
smaller sale, and ailiaing raining overall. Te exa sizes, loss values and raining imes
an be seen in he ollowing able:
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Non-embed. param. oal param. raining loss Validaion loss raining ime (h)
12288 0.83M 5.83 5.84 78.4
49152 1.69M 5.40 5.38 79.3
196608 3.48M 4.69 4.70 81.4
196608 3.48M 4.74 4.75 81.3
196608 3.48M 4.75 4.77 83.0
196608 3.48M 4.73 4.74 82.6
196608 3.48M 4.72 4.74 81.4
393216 3.67M 4.55 4.55 86.0
589824 3.87M 4.46 4.46 90.7
589824 3.87M 4.46 4.48 90.7
589824 3.87M 4.45 4.49 90.7
2359296 8.8M 3.97 3.97 141.5
9437184 22.32M 3.54 3.54 154.0

able 4.1: All o he rained models, heir non-embedding parameers, oal parameers, rain-
ing and validaion losses. Te raining ime is also inluded, in hours.

Wih hese models, he rs analysis was ha o he raining ime. We ploed all raining
imes and analyzed heir relaion wih model size (non-embedding and oal parameers) and
also he resuling validaion loss. Tis allowed us o see possible relaions beween hese vari-
ables and how hey relae o eac oher. Te saring hypohesis was he simples one: bigger
models would ake longer o rain, and also acieve beer resuls, whic in urn would make
validaion loss sale wih raining ime - longer raining, smaller loss resuls. ogeher wih
ha, he raining imes would be o umos imporane when i omes o ensembling. I rain-
ing new bigger models would be easier han ensembling exising ones/raining smaller models
or ensembling, ensembles lose some o heir imporane as ools o reac beer perormane.

Aerwards, we ensembled he models, using dieren simple mehods, o keep he experi-
mens easy o repliae and onrol. Te rs and mos imporan mehod was using he mean
o he ensor resuls o our models. Tere were reaed ensembles o all models in ombinaions
o up o 5 models (exluding he wo bigges ones, ha are used solemnly o ompare peror-
mane, as ensembles reac muc higher parameer ouns). From all hese ombinaions, we
sampled 50 rom eac group o ensembles (2-model ensembles, 3-model ensembles, …, 5-model
ensembles), o ailiae our experimens, as aking prediions rom all possible ombinaions
would ake way oo long. Tese ensembles were esed agains all our models and hemselves
and were ploed in a graph so we ould direly ompare heir perormane.

One o he ools used or his omparison was ing he models’ and ensembles’ peror-
mane o power laws, suc as he ones devised by Kaplan e al, omparing he observed resuls
rom our researc and a possible saling or boh ypes o approaces. We also ompared all
ensembles direly wih heir smalles base model (whic would also be heir wors-perormer
model in our experimens) and heir bigges base model (he bes perormer). Tis was done
in order o examine: a) i he ensembles ould improve boh senarios, showing an inrease in
overall perormane; b) i hey ould improve only agains he wors base models; ) he wors
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4 Methodology and Results

ase senario i he ensembles did no improve perormane a all.
In hese experimens, our ensembles were a ombinaion o random models. Tis posed us

wih he quesion wheher ensembles o similar models would improve more or less in ompar-
ison o our random ensembles. o do ha, we ook 5 models wih he same sruure, he same
amoun o layers and embeddings, and he same raining proedure as all oher models. Tese
models were hen ensembled in all possible ombinaions and analyzed o see how muc hey
ould improve on average and also ploed agains all oher ensembles o see i hey perormed
beer overall or heir size.

We also analyzed how he ensembles perormed when all prediions were aggregaed using
minimum and maximum unions, o examine wheher dieren aggregaion mehods ould
provide us wih beer resuls. Beause he ouome was o hese ess no avorable o heir
use, hey were no esed muc urher. Te ollowing ormulas represen he dieren ag-
gregaion mehods used, wih eac ”Oupu” represening a ype o model, using he average,
he minimum or maximum as aggregaion , and  represening wo ensors (model oupus).
In his senario, we have wo model ensembles, so only wo ensors need o be aggregaed -
he proess would be he same or more models, only he unions would have o be slighly
alered.

Outputavg =
A + B

2
, Outputmin = min(A,B), Outputmax = max(A,B)

All resuls are ompiled in he ollowing ”Resuls” seion, mosly in plos produed using
MaPloLib, a visualizaion library or Pyhon. Tey are aompanied by more deailed expla-
naions o he experimenaion proess and heir ouomes.

4.1 Results

4.1.1 Training time

Te raining o all models ook beween 3 days and 7 hours or he smalles model, all he way
o 6 days and 10 hours or he larges one, as seen in able 4.1. All models were rained or he
exa same 2.5×105 seps, using he same hardware, wih a bac size o 512 sequenes o 1024
in he same OpenWebex daase. One o he ew dierenes beween some o he models is
heir seed, whic was canged or some more spei experimens ha will be disussed laer
on.

As expeed and evidened by our daa, we noie ha he amoun o non-embedding and or
oal parameers inuenes direly he raining ime o our model. Boh es ases yield similar
resuls, wih wha looks like an exponenial relaion. Tis inreased raining ime ould serve
as an argumen or he use o ensembling, as a means o improve he perormane o already
exising models wihou inreasing raining ime, as ensembles hemselves do no need any
exra raining.

18



4.1 Results

(a) (b)

Figure 4.1: (a) Amoun o non-embedding parameers in omparison o raining ime. (b) oal
parameers in relaion o raining ime. Model raining ime sales wih model size
when examining boh non-embedding and oal parameers.

Also i is worh noing, ha beause raining ime and parameer oun are relaed, and
parameer oun and loss numbers also ollow power laws aording o Kaplan e al [9], we see
ha validaion loss ends o derease as he raining ime o a model inreases, meaning ha
longer raining imes, when ied o he same raining seup and onguraion resuls in beer
perormane rom he models.

Figure 4.2: raining ime in relaion o validaion loss. Te loss dereases as he raining ime
inreases. Tis happens beause in our senario, where ompue is xed, longer
raining means bigger models and hus more perormane.

Overall, our ndings onrm he expeed relaionship beween raining ime, parameer
oun, and model perormane. Te observed exponenial rend in raining duraion reinores
he idea ha larger models require signianly more ime o rain, while also beneing rom
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4 Methodology and Results

lower validaion loss. Tis suppors previous researc suggesing ha parameer oun and
perormane ollow power law relaionships. Addiionally, our resuls sugges a possible use
ase senario or ensembles, oering a way o enhane overall perormane wihou resuling
in addiional raining oss, when ensembling already exising models - bu we explore his in
ull, in he ollowing subseions.
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4.1 Results

4.1.2 Replicating parameter scaling laws
For our uure ensembling experimens, i was imporan o be able o repliae saling laws,
as we wan o analyze i we an nd beer perormane wih ensembling han wih regular
models, and we use he saling laws as a guide/measure, so we an exrapolae our resuls o
a bigger sale. o repliae he saling laws ound in [9], we rained a oal o 13 models o
varying size, using he same onguraion as o limi he variables as muc as possible. Aer
he raining, we go validaion loss values rom 5.85 o 3.54, wih he bigges loss belonging o
he smalles o our models and vie-versa.

Figure 4.3: Resuls rom our model raining. Eac do represens a single model, is loss, and
he number o non-embedding parameers. Te lines represen our  (in red) o
power laws in omparison o Kaplan e al’s  (in blue). Boh have similar values,
proving ha saling laws are presen even on smaller sale.

One all models were ploed (gure 4.3), he values ormed a lear power law relaion be-
ween loss and model size, more speially non-embedding parameers, as expeed. Con-
sidering he ollowing ormula: ( ) =






[9], we go very similar resuls o Kaplan e

al, reacing an  = 0.074, whils heir experimens resuled in an  = 0.076. We aribue
he small variaion o he dieren daase ha was used - as ours was an open-soure version
rom heirs - and possibly random cane. o alulae hese numbers, we used he polyf
union rom Numpy, whic auomaially does he polynomial ing or our se o poins
(models). o do so, we used his union o nd a rs-degree polynomial ha  our daa
when in logarihmi spae.

In his hesis, we oused on repliaing only he non-embedding parameer saling laws,
as hey were o prime imporane when analyzing our ensembling resuls. Repliaing boh
ompue power laws and daase size was or our senarios irrelevan, as we did no le he
daase and ompue power limi our experimens. In he end, we go very lose resuls rom
Kaplan e al, hus proving ha saling laws are also presen even on a muc smaller sale
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han he one heir researc examined originally: heir models ranged rom 760 million non-
embedding parameers all he way o 1.2 billion. Ours ranged rom 12 housand o 9 million
parameers - even our bigges models are dwared by heir smalles.

4.1.3 Ensembling
Aer repliaing he parameer saling laws and having a subsanial amoun o models o es
wih, we sared ensembling he models. Dieren experimens were exeued, whic shall
be explained in his subseion. For our rs es, we ook all possible ombinaions o our
models. We divided hem ino groups, being all possible 2-model ombinaions, 3-models, and
up o 5-model ombinaions. From eac o hese, we sampled 50 ensembles randomly, so ha
esing beame a lo aser, as rying all possible ombinaions ook way oo long. o ombine
he resuls o eac model, he mean was he cosen mehod - so or all ensembles, he mean o
he prediions o all heir base models was aken and analyzed as he nal prediion.

Figure 4.4: Models and ensembles ploed ogeher. Lines were drawn o indiae he  (pos-
sible progression) o models (red), ensembles (green), and he power law provided
by Kaplan e al (blue).

Te resuls were quie ineresing, wih ensembles ha ould presen beer resuls han all
o heir base models, bu he saling o ensembles urned ou o be muc less beneial han
he saling o aual models. Using he same logi o alulae a power law using our ensemble
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resuls as a base, we see ha his power law diers srongly rom our model one. Having
an  = 0.046, and hus a muc worse saling over ime. Assuming his line would say rue
or bigger and bigger ensembles, we see ha raining models o he same size would always
ouperorm our ensembles. Bu in urn, i also poses he possibiliy o beer resuls wihou
any more raining, even i wih diminishing reurns - onsidering he models o ensemble are
already available.

When omparing he ensemble’s perormane wih heir smalles base model, we see ha
almos in every sampled ase we see dire improvemen - rom ha we see ha ensembling
smaller/worse models wih bigger and beer-perorming ones resuls in beer resuls almos
every ime, when averaging heir oupus.

Figure 4.5: Comparing ensembles wih heir smalles base model. In every ase, he ensem-
bles ouperorm he models, ollowing saling laws: more parameers, more peror-
mane.

In onrary, when analysing he validaion loss resuls rom our models aking only he
bigges model in he ensemble, we see ha he ensemble’s perormane is losely ied o hem,
rarely ouperorming he base models. Tis sill proves worhy o onsideraion, as in some
ases i sill provides beer perormane, even i marginally.

In summary, we see ha ensembling dieren models always resuls in a beer perormane
when omparing hem wih heir wors-perormer base model. I an also resul in beer
oupus han heir bes perormer base model, bu only in a ew ases. Tis shows ha here
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Figure 4.6: Comparing ensembles wih heir bigges base model. In some ases, ensembles ou-
perorm he models, bu no in all siuaions, showing ha he perormane o he
bigges base learner sill is a very imporan variable.

is a bene in ensembling, as we an inrease perormane on average, wihou any exra
raining - hough marginally. Even hen, i is worh noing, ha raining bigger models resuls
in a beer perormane o parameers raio, as our ensembles are  o a muc aer line o
improvemen, based on our observaions.
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4.1.4 Ensembling similar models
While in he previous experimen, we esed all possibiliies and ombinaions, or his we ried
ensembling only models wih he same number o layers and embeddings - he only dierene
in raining being heir seed so ha he end resuls would no be ompleely equal. Tis resuled,
as expeed, in very similar models, wih very similar oupus. Te main hypohesis would
be ha similar models would provide beer ouomes when ensembled ogeher han oally
dieren models. In previous experimens we were able o see ha usually, he bigger models
would be he driving aor on he loss o he ensembles, so we also waned o examine wheher
ensembling very similar models would yield a beer overall resul.

Figure 4.7: Ensembling resuls. As all models have he same amoun o parameers, he rs
olumn represens he resuls o he models hemselves. Te seond is he resul o
all 2-model ombinaions, and so orh, up o he only possible 5-model ensemble.

Te models used all had 4 layers wih 64 as he number o embeddings. Beause o ha,
all o hem had 196608 parameers oal, wih heir ensembles always having a muliple o
his number. Te variaion o loss beween he models hemselves was already apparen aer
raining. Te bes model sored 4.69 in validaion loss, whils he wors sored around 4.77.
A no so grea dierene when analysing dieren models, bu onsidering all o hese were
rained wih he same ondiions and parameers, his akes on more imporane and we an
learly noe ha here is some variaion when i omes o he raining o nearly idenial large
language models.

Tis variaion was also direly ranserred o our ensembles. Looking a he daa, i seems
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apparen ha ensembles ha uilize he bes perorming model ouperorm he ohers, making
he ensembles hemselves have a srong variaion wihin heir ranks. Noneheless, i is very
imporan o noe, ha in our experimens, even he wors ensemble praially equaled he
bes model, and when analyzing our medians, we see ha inreasing he number o models in
an ensemble improves perormane. Even hen, when analyzing our daa, we did no nd any
subsanial inrease in perormane when using models wih similar/equal sruures. When
ploed wih all oher ensembles, we noe ha hey are no he bes perormers or heir size,
as models and oher ensembles bea hem wih some margin.

(a) (b)

Figure 4.8: (a) All models and ensembles ploed ogeher, he x-axis being heir non-embedding
parameers, and y-axis heir validaion loss. Te ensembles analyzed in his caper
(same sruure) are highlighed in blue. (b) Same plo as on he le, bu zoomed in
or beer undersanding.

When analyzing oher mehods o aggregaing resuls, more speiallyminimum andmax-
imum rom all base model prediions, we noed a dieren ouome. In boh senarios, here
were lile o no perormane benes, and he resuls looked a lo more random hroughou all
prediions. Teminimum union as aggregaor showed lile improvemen when inreasing
ensemble size, wih he bes median resul rom he ensembles barely beaing he mean rom
he models hemselves.

When using he maximum, even he bes-perorming ensemble only resuls in a validaion
loss on par wih he bes-perorming model, barely beaing i by 0.003 poins, whic beause
o randomness in our prediions, is ompleely negligible. Te medians sill showed some
improvemen wih bigger ensembles, bu he resuls were overshadowed by he perormane
when using he mean as he aggregaor.
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(a) (b)

Figure 4.9: (a) Using he minimum as aggregaor or all model oupus delivers worse resuls
han our bes model, and almos negligible improvemen on average. (b) Using he
maximum o all model oupus gives us beer resuls han he minimum on average,
bu all ensembles sill perorm worse han our bes-perorming model.
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5 Conclusion
In his hesis, we analysed he perormane ees o ensembling large language models. o
do ha, we sared by repliaing and analyzing he saling laws dened by Kaplan e al [9], in
a searc or a beer way o sale models, using ensembles, maybe even breaking hese laws.
We rained 13 models, wih dieren onguraions when i ame o size, number o layers,
and oher aors, while keeping daase and ompue power as onsan as possible hrough-
ou raining. Tis gave us he possibiliy, no only o omparing our resuls direly wih he
aoremenioned law bu also o urher researc by ensembling he models and examining he
ouome.

We observed ha our models losely ollowed he laws esablished by Kaplan e al, whils
he ensembling resuls did no. Tey did no sale as well wih heir size, resuling in a less
opimal perormane-o-size raio. o miigae ha, we looked ino oher possible variables,
suc as ensembling only models wih similar sruures, and using dieren aggregaing meh-
ods. Tese, however, also did no improve our models’ perormane by muc, mainaining our
ouome. Model sruure did no seem o maer o perormane: similar models did no en-
semble beer han randomly pied ones. Te dieren aggregaion mehods also did no seem
o provide us wih beer resuls han ensembling by using he average o all prediions. We
noied ha in all our resuls, when using random ensembles and he average or ensembling,
he ensembles always ouperormed heir wors base model (when using validaion loss as our
meri), bu only in some ases ouperormed heir bes base models.

Tus onsidering a senario similar o ours in his hesis, where he models are already
available, ensembling migh be a useul ool in pushing he perormane o slighly beer lev-
els wihou raining new models. Even hen, i is worh noing ha models rained o he same
size always perorm beer han he ensembles based on our observaions, so raining models
direly wih ensembling in mind seems like a very subopimal use o raining resoures. Tere
is sill spae or more researc, as he possibiliies when i omes o ensembles are very abun-
dan, and due o ime onsrains, we ould no explore mos o hem. One o he possible areas
worh exploring is raining he ensembles hemselves or some epocs/seps, or implemening
more omplex ensembling mehods, suc as AdaBoos [4]. Tese migh be he breakhroughs
needed o overome he saling laws proposed by Kaplan e al and reac new heighs in he
perormane o modern large language models.
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