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1. Introduction

1.1. Motivation and Background

Anomaly detection is an essential task in many real-world domains, including fraud detection
in finance [49], predictive maintenance in industrial systems [36], fault diagnosis in engineer-
ing [3], and cybersecurity [2]. Detecting anomalies enables the prevention of financial loss,
early intervention in system failures, and improved reliability in safety-critical environments.
However, a key challenge is to develop anomaly detection methods that achieve high perfor-
mance while remaining interpretable, since many applications require transparent explanations
for anomalies.

Traditional unsupervised anomaly detection approaches, such as distance-based and density-
based methods [22, 5], and boundary-based methods like the One-Class SVM (OCSVM) [51]
offer conceptual simplicity and some interpretability in low-dimensional spaces. However, they
degrade in performance with increasing dimensionality and typically provide little insight into
the mechanisms generating anomalies. Ensemble methods such as the Isolation Forest [31] and
its extensions [16, 61] achieve scalability and robustness through recursive partitioning strate-
gies, while more recent deep ensemble methods such as DEAN [21] reach state-of-the-art per-
formance. Yet, these approaches remain largely heuristic or black-box in nature, limiting their
usefulness in domains where explanation is as important as prediction.

In parallel, symbolic regression (SR) has emerged as a powerful paradigm for interpretable
machine learning. SR aims to discover explicit mathematical equations that describe relation-
ships in data [41]. Unlike traditional regression, which assumes a fixed functional form, SR
simultaneously evolves both structure and parameters. Genetic programming (GP), introduced
by Koza in the early 1990s [24], became the foundational method for SR and demonstrated re-
markable flexibility, even rediscovering natural laws from experimental data [50]. Despite its
expressiveness, GP-based SR suffers from inefficiency, excessive expression complexity [33],
and limited ability to incorporate prior knowledge [11]. To address these limitations, proba-
bilistic approaches such as Bayesian Symbolic Regression (BSR) [20] and hybrid systems like AI
Feynman [56] were developed, incorporating priors and physics inspired simplifications to im-
prove efficiency. More recently, neural guided and reinforcement learning based methods such
as Deep Symbolic Regression (DSR) [37] and Unified Deep Symbolic Regression (uDSR) [26]
have pushed SR benchmarks forward, but at the cost of increased computational complexity.

The intersection of symbolic regression and anomaly detection remains relatively underex-
plored. Domain specific applications have demonstrated promise, as seen in the combination
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of symbolic regression with sparse regression to explain orbital anomalies [35], integrated with
information theory for fault detection in engineering systems [48], and applied to fraud de-
tection using symbolic classification [58]. However, these methods often rely on prior domain
knowledge, labeled data, or density-based assumptions [7], limiting their applicability in general
unsupervised anomaly detection.

This thesis is motivated by the importance of a general purpose, interpretable, unsuper-
vised anomaly detection framework that balances predictive performance, scalability, and trans-
parency. By extracting symbolic expressions directly from raw unlabelled data using evolution-
ary algorithms, anomalies can be detected not just as deviations in embeddings or heuristic
scores but as breaches of explicit human readable equations. This approach seeks to bridge the
gap between black-box performance driven anomaly detection and interpretable, equation based
modeling, offering a new path from data to equations.

1.2. Thesis Structure

As a starting point, Section 2 provides the related works relevant to this thesis. It introduces
symbolic regression and unsupervised anomaly detection, before discussing the existing work
that combines symbolic regression with anomaly detection tasks. The section concludes with a
statement of how this thesis contributes to the literature.

Section 3 presents the anomaly detection algorithms considered in this work. It begins by
defining anomalies and outlining their different types, followed by a review of some algorithms,
including K-Nearest Neighbor, Support Vector Machine, Isolation Forest, and DEAN. These algo-
rithms are used as competitive algorithms because they serve as baselines for comparison with
the proposed method.

Section 4 describes the methodology and toy experiment used to motivate and test the pro-
posed method. It starts with the design rationale and data generation process, then introduces
the custom loss function and optimization procedure for symbolic regression. The section re-
ports results and insights from the toy experiment, and proceeds to describe the proposed ensem-
ble method. This includes the motivation of the ensemble strategy, feature chunking with sym-
bolic function learning, parameter tuning and scoring, and score aggregation. It also presents
the pseudocode of the proposed SYRAN algorithm to provide a clear overview of its workflow
and concludes with a summary of the novelty of the method.

Section 5 presents the experiments with real-world data and their outcomes. It begins with
the experimental setup, where the datasets are described and the evaluation metrics are intro-
duced. The section then examines the influence of hyperparameters, focusing on complexity,
chunk size, and the number of chunks, and provides a heatmap analysis to illustrate their in-
teractions. Performance evaluation is discussed through a detailed case study on a particular
dataset, accuracy comparisons across datasets, and statistical validation using a critical differ-
ence diagram. The section also presents the extraction of symbolic equations from real-world
datasets and their biomedical interpretation. Furthermore, it includes an extended analysis with



1.2. Thesis Structure

a higher number of chunks to investigate the scalability and robustness of the proposed method.
The section concludes with a summary of the experimental findings.

This thesis concludes with Section 6, which summarizes the main results, discusses the con-
tributions and limitations of the work, and outlines directions for future work.






2. Related Works

This chapter reviews existing research relevant to this thesis in three main areas: (i) symbolic
regression, (ii) unsupervised anomaly detection, and (iii) the use of symbolic regression for
anomaly detection. The goal is to situate the contribution of this work within the broader sci-
entific context.

2.1. Symbolic Regression

Symbolic regression (SR) is a machine learning approach that extracts mathematical expressions
from datasets to characterize the relationships between variables [41]. Unlike traditional regres-
sion, which assumes a fixed model class, SR simultaneously discovers both the structure and
parameters of equations. Its potential for interpretability and scientific discovery has made it a
prominent area of research over the past three decades [34].

Traditionally, symbolic regression (SR) has been closely associated with genetic programming
(GP), introduced by Koza [24] in the early 1990s. In this paradigm, candidate expressions are
represented as trees and evolved over generations using mutation and crossover [24]. GP-based
methods are highly flexible and can rediscover natural laws from raw data, as demonstrated by
Schmidt and Lipson’s Eureqa system, which gained attention for automatically distilling natural
laws from experimental observations [50]. However, GP approaches often suffer from ineffi-
ciency in memory usage, excessive expression complexity, which Luke and Panait [33] referred
to as “bloat”, and the limited mechanisms for incorporating prior knowledge [11].

To address these limitations, probabilistic approaches were introduced. Jin et al. [20] proposed
Bayesian Symbolic Regression (BSR), which uses Markov Chain Monte Carlo (MCMC) sampling
over symbolic expression trees. This Bayesian formulation enables the incorporation of prior
knowledge, yields more concise models, and reduces memory consumption compared to con-
ventional GP. Similar motivations underpinned hybrid methods such as Al Feynman by Udrescu
and Tegmark [56], which combine neural networks with physics-inspired simplification strate-
gies to accelerate the discovery of interpretable laws from scientific data. These works serve as
a motivation for this thesis to develop a fully data-driven symbolic regression framework that
mitigates excessive expression complexity and memory usage, without relying on any prior
knowledge.

Another milestone was the shift toward deep learning based methods. Petersen et al. [37] in-
troduced Deep Symbolic Regression (DSR), which leverages reinforcement learning with a risk-
seeking policy gradient to explicitly optimize for high-quality expressions rather than average-
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case performance. Their method outperforms classical systems such as Eureqa on standard
symbolic regression benchmarks. Building further, Landajuela et al. [26] proposed a Unified
Deep Symbolic Regression (uDSR) framework that integrates five paradigms into a modular
system, which includes recursive problem simplification, neural-guided search, large-scale pre-
training, genetic programming, and linear modeling. Evaluated on the SRBench benchmark,
uDSR demonstrated strong accuracy and expression recovery, but at the cost of high computa-
tional demand and complexity.

In summary, symbolic regression has evolved from genetic programming to probabilistic,
deep learning, and hybrid approaches. These advances have improved accuracy, interpretabil-
ity, and benchmarking practices, yet computational efficiency, scalability, and the handling of
high-dimensional data remain open challenges. Moreover, most research has focused on gen-
eral equation discovery or physics-inspired modeling, leaving domain-specific applications such
as unsupervised anomaly detection relatively unexplored, to the best of my knowledge, which
motivates the development of this thesis.

2.2. Unsupervised Anomaly Detection

Early work on unsupervised anomaly detection was driven by distance and density based meth-
ods. Knorr et al. [22] introduced a distance-based framework, where points in sparse regions
were flagged as anomalies, followed by Ramaswamy et al. [43], who proposed efficient algo-
rithms based on k-nearest neighbors (kNN). Breunig et al. [5] extended this paradigm with the
Local Outlier Factor (LOF), which detects anomalies relative to local density variations. While
these approaches are intuitive and interpretable, they become computationally expensive in
high-dimensional settings and are sensitive to parameter selection. This thesis addresses these
challenges, such as being computationally expensive in a high-dimensional environment.

Boundary-based methods gained prominence with the introduction of the One-Class SVM
(OCSVM) by Scholkopf et al. [51]. OCSVM estimates the support of the underlying data dis-
tribution by learning a function f that is positive on the support S of the data and negative
elsewhere, effectively separating high-density regions of the input space from the rest. This ap-
proach generalizes the support vector framework to the case of unlabeled data. While OCSVM
effectively identifies high-density regions, it does not produce a human-readable model of the
data. This limitation motivates our exploration of symbolic regression for unsupervised anomaly
detection, which can learn interpretable functions capturing the mechanisms generating anoma-
lies.

A major advancement in anomaly detection came with ensemble-based approaches, particu-
larly the Isolation Forest (iForest) introduced by Liu et al. [31]. Unlike distance or density based
methods, iForest explicitly isolates anomalies by recursively partitioning the feature space using
random isolation trees (iTrees). Anomalies, being few and distinct, are typically separated closer
to the root of the trees, while normal points require deeper partitions. This design, combined
with subsampling, allows iForest to achieve linear-time complexity with low memory require-
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ments, making it suitable for large, high-dimensional datasets. Extensions such as the Extended
Isolation Forest (EIF) by Hariri et al. [16] and OptIForest by Xiang et al. [61] further improved
robustness to data heterogeneity and noise. EIF addresses artifacts in anomaly scores by using
hyperplanes with random slopes, enhancing stability across the feature space, while OptIForest
optimizes tree structures and incorporates clustering-based learning to hash, improving isola-
tion quality. Despite these advancements, both EIF and OptIForest remain heuristic methods and
do not provide explicit insights into the generative mechanisms of anomalies. This highlights
a key motivation for this thesis, which is to not only improve anomaly detection performance
but also ensure interpretability and robustness by handling high-dimensional features through
a chunked sampling strategy.

More recently, deep ensemble methods have emerged. Kliittermann et al. [21] proposed DEAN
(Deep Ensemble Anomaly Detection), which formalizes surrogate anomaly detection axioms and
leverages neural representations within an ensemble framework. DEAN demonstrates state-of-
the-art results across diverse domains, but like other deep methods, it inherits the challenges of
limited interpretability and high computational demand.

To assess such trade-offs, Han et al. [15] introduced ADBench, a comprehensive benchmark
of 30 anomaly detection algorithms evaluated across 57 real-world datasets. The study em-
phasizes persistent shortcomings across methods, including sensitivity to noise, difficulty in
hyperparameter tuning, and lack of interpretability.

In summary, while unsupervised anomaly detection has demonstrated strong performance
across multiple domains, existing methods often face limitations in interpretability, robustness,
and scalability. These challenges motivate our exploration of symbolic regression for unsuper-
vised anomaly detection as a potential solution.

2.3. Symbolic Regression for Anomaly Detection

Recent research has begun exploring the intersection of symbolic regression and anomaly detec-
tion. These approaches aim to leverage the interpretability of symbolic models while maintaining
anomaly detection performance.

Manzi and Vasile [35] proposed a hybrid approach combining symbolic regression with sparse
regression to reconstruct orbital anomalies. Their method explains deviations in orbital dynam-
ics caused by unmodeled natural incidents or orbital maneuvers. However, the approach is
domain-specific, relying on assumptions about orbital dynamics. This motivates the present
work to develop a general-purpose, unsupervised symbolic regression framework for anomaly
detection that does not rely on domain-specific assumptions.

In engineering systems, Safikou et al. [48] integrated symbolic regression with information
theory for fault detection and remaining useful life estimation. While interpretable, the model
depends on physical assumptions specific to engineering contexts. Similarly, Visbeek et al. [58]
applied deep symbolic classification to fraud detection, discovering interpretable expressions
robust to class imbalance. However, this framework focuses on labeled data and classification,
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whereas anomaly detection often operates in unlabeled settings. To address this challenge, this
thesis operates in unlabeled settings to extract a meaningful equation from the raw data.

Cao et al. [7] introduced a one-class anomaly detection method combining kernel density
estimation (KDE) with GP-based symbolic regression. Although computationally efficient, it
depends on predefined density functions and thresholding mechanisms.

In summary, symbolic regression has shown potential for anomaly detection, however, ex-
isting methods have some limitations. Some are domain-specific, relying on physical models
or system-specific assumptions such as orbital dynamics or engineering sensor models. Some
methods rely on labeled data, which makes them less suitable when only unlabeled data is avail-
able. Others need predefined density functions or thresholds, which can limit their use on new
datasets. Overall, there remains a gap for general-purpose, unsupervised symbolic regression
approaches that can directly learn interpretable mathematical functions from raw, unlabeled
data.

2.4. Thesis Contribution

This thesis proposes a general-purpose, unsupervised anomaly detection framework based on
symbolic regression. Unlike previous work, our method evolves symbolic expressions directly
from raw unlabeled data without relying on physical models, labeled anomalies, or density-based
assumptions. The approach aims to balance accuracy, interpretability, and scalability, thereby
addressing key limitations identified in the existing methods.
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3.1. Anomalies and Anomaly Detection

In many datasets, most data points follow some trend or pattern and can be grouped as normal
behavior. However, there are some data points that do not follow this pattern. These points,
which differ significantly from the normal data points, are referred to as anomalies [9].

Figure 3.1 shows an example of how normal samples or anomalies could be distributed in a
dataset. It is a simple illustration of anomalies. In this figure, we can see that there are two
regions of normal data points, which are denoted as N1 and Na. It can also be seen that there
are two more data points, represented as O and O, and a small region including some data
points named as Os. It is clear that O; data point, Og data point , and the region O3 of some
data points are far from the normal data points regions, namely, N1 and N». Since they do not
follow the normal behavior pattern and are far from normal data points, hence they are referred
to as anomalies.
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Figure 3.1.: A simple illustration of anomalies in a 2-D dataset [9]

The process of detecting these anomalies is known as anomaly detection and the methods
that are used for anomaly detection are known as anomaly detection techniques. Using anomaly
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detection, we identify the abnormal data from a dataset [18].

3.2. Types of Anomalies

If we would like to detect the outliers in a data set, it is very crucial that we understand the
nature of anomalies. According to Chandola et al. [9], Ahmed and Mahmood [1], and Yang
et al. [63], anomalies can be classified into three distinct categories, namely point anomalies,
collective anomalies, and contextual anomalies.

Point Anomalies

A point anomaly is defined as an occurrence where one observation or data point differs sig-
nificantly from the normal data points. It is the simplest type of anomaly and refers to a single
anomalous point. A simple example of an outlier in a two-dimensional data set can be seen
in Figure 3.1. In this figure, the points O and Oy are anomalies and can be denoted as point
anomalies. Besides, O3 is also an anomaly since it is far from the normal data point regions.
Therefore, the points in O3 region can also be considered as point anomalies. Let us assume
a real-life example where a person uses ten litres of car fuel on a daily basis. If the usage of
fuel increases to sixty litres from ten litres in a random single day, then it is considered a point
anomaly.

Contextual Anomalies

When an observation or a particular data point acts as an anomaly in a specific context, then it
is referred to as a contextual anomaly. It can also be denoted as a conditional anomaly.

Monthly Temp

AN

31

| |
Mar Jun Sept Dec Mar Jun Sept Dec Mar Jun Sept Dec

Time

Figure 3.2.: An example of contextual anomaly [9]

Let us consider a real-life example where people are highly likely to spend more money at the
biggest festivals like Christmas or New Year. During that period, if the expenditure goes high

10
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on a credit card, it may not be considered an anomaly in this festival context, but it is considered
an anomaly during the non-festive times or months.

Figure 3.2 presents a further illustration of a contextual anomaly within temperature time
series, with the x-axis representing *Time” and the y-axis representing "Monthly Temperature”.
In x-axis, we can see the time on a monthly basis throughout the year. In general, we all know
that the temperature is lower in winter and higher in summer. Lets say the temperature in
December (at time t1) is around 30°F, which is normal in winter. But if the temperature in June
(at time t9) is also around 30°F, which is not normal in summer, then it can be considered as a
contextual anomaly.

Collective Anomalies

When a collection of observations or a group of data points acts as an anomaly with respect
to the entire data set, it is denoted as a collective anomaly. It is worth noting that a single
observation or a data point in a collective anomaly may not be considered as an anomaly, but a
collective occurrence of them can be considered as an anomaly.

-4

0 500 1000 1500 2000 2500 3000

Figure 3.3.: An example of collective anomaly [9]

Figure 3.3 shows an example of collective anomaly by considering the output of a human
electrocardiogram or ECG. The red-marked region in this figure refers to the anomaly. It is clear
that the presence of low values for a longer time indicates the abnormalities, whereas if a single
data point is low, it is not considered as an anomaly. The collective presence of observations
makes it an anomaly rather than a single observation.

11
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3.3. Competitor Algorithms

In this section, we briefly discuss several algorithms that serve as baselines for comparison with
our proposed method. These competitor algorithms are widely used in anomaly detection and
provide a strong foundation for performance evaluation.

3.3.1. K-Nearest Neighbor (KNN)

Traditional supervised methods for anomaly detection rely on labeled data points. In the case of
unlabeled data, these methods become ineffective [32, 46]. These challenges can be effectively
addressed using unsupervised anomaly detection techniques, such as K-Nearest Neighbor (KNN).
Since KNN is performed using the distance of a data point to its k-nearest neighbors, based on
the usage of this distance measure, KNN can be used in either distance-based or density-based
ways to detect anomalies [60].

Distance-Based Anomaly Detection

In most datasets, anomalies are not higher in numbers, and typically appear in regions where
they would not normally be expected. In a dataset, the group of normal data points are always
remained close to each other whereas the distance is higher between anomalies and these normal
data points. This idea has been used as the key concept behind the distance-based anomaly
detection method. When looking at normal data points in the same neighborhood, they are
very close to each other. But when it comes to anomalies, they are farther apart, and they tend
to be found in areas with a low probability. Using this concept, Knorr and Ng first came up with
a distance-based anomaly detection approach in 1998 [23].

There are a couple of distance based equations that are generally used in KNN to find the
anomalies or distances between or among the data points. A general form of these equations
is the Minkowski distance, which defines the distance of order p between two d-dimensional
samples X; = (X1, Xj2, . - ., Xiq) and X; = (X1, X2, ..., Xjq) as

d 1
P
dist(x;,x;) = (Z|x,~k - xjklp) . (3.1)

k=1

Different distance measures can be obtained by changing the value of p in Equation (3.1). For
example, setting p = 1 gives the Manhattan distance [13]:

d

distaanhattan (Xis Xj) = leik - xjk|- (3:2)
k=1

When p = 2, the formula reduces to the Euclidean distance [53]:

12
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d
. 2
dlStEuclidean(Xia Xj) = Z (xik - xjk) . (3:3)
k=1
Finally, if p approaches infinity, the Chebyshev distance is obtained [39]:

distchebyshev (Xis Xj) = ml?X(lxik — Xjkl)- (3.4)

Let us assume a point x and its distance from its k' nearest neighbor is denoted by Dk (x). If
we calculate the distance using one of the distance measure equations, like Manhattan distance,
or Euclidean distance etc, we can then come up with a rank based on the distances. An outlier
can be determined using this distance measure Dk (x). The data points that have the highest
distance from x can be considered as outliers. The data points that have the smallest distance

from x are known to be normal data points [43].

Density-Based Anomaly Detection

In anomaly detection, we always try to find the data points that are far from the normal data
points. Distance-based anomaly detection tries to find these anomalies based on the distances
from the respective data point to other data points. It also works very well when the data are
grouped into clusters and have a similar density. However, in real world cases, the datasets
does not always follow the above pattern, hence it becomes difficult for distance based anomaly
detection to detect anomalies correctly.

o L . . MinPts =3 C
= * o
. . @ o . . .. :
- o . .} o * i@
A / .
' f p mn_ RN
| P .0
A ,.AA A \ Imax 1 Imin
AALAA,
:1 : “AAA
AA , » Normal A
B A Outlier B
(3.4(a)) A local outlier (3.4(b)) An example of local outlier factor

Figure 3.4.: lllustrations of local outlier factor [60]

A general scenario of this problem can be demonstrated in Figure 3.4(a), where it can easily be
seen that data point B can not be detected as an outlier using distance based anomaly detection
but it is an outlier within its local area. Hence in global point of view, B is considered as normal
whereas in local area it can easily be seen as an anomaly.

13
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In order to address this issue, a local outlier factor (LOF) was proposed in 2000 by Breunig
et al. [5], where LOF is nothing but a density based outlier score for each data point, which is
illustrated in Figure 3.4(b).

Consider a positive integer k and an object x. The k-distance neighorhood of this object x
can be defines as:

Ni(x) ={q e D\ {x} | d(x,q) <k — distance(x)}. (3.5)

Consider another object 0 € D, and if it is in the k-nearest neighborhood of x, then the local
reachability distance can be defined as follows [10]:

reach-disty (x, 0) = max{k — distance(0), d(x,0)}. (3.6)

Considering |Ni(x)| being the cardinality of Ni(x), the local reachability density of x is
defined as the reciprocal of the reachability distance derived from the k-nearest neighbors.

1
lrdk (X) - ZoeNk(x) reach_disp (0) <37)
INk ()]
The local outlier factor of x is determined using the following equation:
Z M) Irdi (o)
0ENK(X) Irdi(x)
lofi(x) = 8

The local reachability density of an object shows us how close together its points are. The
density is low if the point is far away from its neighbors. The local outlier factor determines the
density of a particular point or object in relation to the density of its knn. Any data point or
object x is considered to be an anomaly if x is in low density area but its neighbors are in high
density areas. Hence, a high value of LOF indicates a more isolated point or object whereas low
LOF value refers to a data point or object that is close to its neighbors [60].

3.3.2. One Class Support Vector Machine(OC-SVM)

One-class support vector machine or OC-SVM, is an extension of the standard binary support
vector machine proposed by Scholkopf et al. [51]. This method is one of the popular methods for
anomaly detection. A general approach of OC-SVM is to use the non-linear kernel function to
map data from the input space to the feature space. In the feature space, the vectors that have
been mapped are referred to as image vectors [8, 12, 59].

Let us consider the symbol ®(x;) represents an image X; in the feature space, where the
symbol ®(.) is assumed to be unknown.

The Gaussian kernel K (x;,x;) = exp (—||x; — Xj||2/(202)), however, is an example of a
kernel function that may be used to determine the inner product of the image ®(x;), where
both (i, j) range from 1 to [.

14
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By solving the following quadratic equation, a one-class SVM algorithm maps the training
samples into a feature space via a kernel and identifies a hyperplane that optimally separates
the data from the origin [51].

I
1, 1
min 5w W—p+a;§i : (3.9)
s.t. WT(I)(Xi) > P — 'fi’ §i > O, Vi = 1, 2, .. .,l. (3.10)

where, i varies from 1 to [, T denotes the transpose of matrices or vectors, and the parameter
v € (0, 1] establishes an upper limit and a lower limit on the number of outliers and support
vectors respectively. This determines the trade-off between permitting outliers and making the
model more complex.

Let us introduce positive multipliers, denoted as ; and f;, both of which are non-negative,
meaning they are greater than or equal to (. Using these multipliers, the Lagrangian equation
can be written as follows:

!
L(w, & p, a, B) I%WTW—P“‘%Z&' —Zai (WT‘I’(Xi)—P"'fi)
i=1 ]

l
i=1
I
- ) B
i=1

By taking the derivatives of the Equation (3.10) w.r.t the variables w, £, p, and setting them to

(3.11)

zero, the resulting equations are below:

1
w = Z a;®(x;). (3.12)
i=1

l
1
o = a - ﬁi and IZZI a; = 1. (313)

By putting the Equation (3.12), and Equation (3.13) into the Equation (3.11), we get the fol-
lowing dual form:

min aTQa
(04

l
1 (3-14)
s.t. OS(X,‘_E, ;aizl

where, i ranges from 1 to [, & is a vector form and can also be written as (a1, @, ...., &), and
Q is the kernel matrix, which can be denoted as Q(i, j) = K(x;,X;) as well.
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3. Anomaly Detection Algorithms

All samples {x;|a; > 0} are defined as support vectors where i ranges from 1,2, ....] and
using these support vectors (SVs), the kernel function f(x) can be written as follows:

f(x) =sgn ( Z ;K (x;,x) — ,0) . (3.15)

ieSVs

The variable p in Equation (3.15) can be defined using the following equation:

p= wld(x;) = Z a;K (Xi, Xj) ) (3.16)
je{jla;#0}

where ¢; represents a non-zero Lagrange multiplier and X; denotes a sample associated with «;.

The function f(x) returns either 1 or —1. For a given sample X, the function f(x) will return
an output of 1 if the sample is a target, otherwise it will give an output of —1, which indicates
that the sample is an outlier.

3.3.3. Isolation forest (Iforest)

The idea of isolating denotes the process of segregating an object or instance from other objects
or instances. Isolation forest is an unsupervised anomaly detection algorithm that detects out-
liers by isolating them from the ensemble of binary trees by generating multiple isolation trees,
and anomalies are identified by their respective anomaly scores and smaller path lengths.

The idea behind the isolation is that, in general, the number of anomaly data points is few or
not high in numbers, and they usually requires a shorter path lengths in the forest of collective
random trees [30].

Figures 3.5(a) and 3.5(b), depicts the idea of isolation. Assuming X; and x, as normal data
point and anomaly, respectively. It can clearly be seen that to isolate x;, the path length is
higher, whereas the path length is shorter while isolating x,. In this given example, partitions
are created through the random selection of an attribute, followed by the random selection of
a split value within the range defined by the maximum and minimum values of the chosen
attribute. The illustration of recursive partitioning as a tree structure signifies that the amount
of partitions required to isolate a point is equivalent to the path length from the root node to a
leaf node. Here it can be seen that the path for x; is higher than the path length of x,,.
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Figure 3.5.: Combined figures illustrating isolation forest concepts [31]
The individual trees have different partition sets as each of these partitions are generated
randomly. The path lengths over a number of trees are averaged to determine the expected path
length. Figure 3.5(c) illustrates the concept of average path length, and we can say that while

increasing the number of trees, the average path length for x; and x, converge at some point.
Isolation Trees
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3. Anomaly Detection Algorithms

Let us consider that T is a node in an isolation tree. It can be a leaf, which means it doesn’t have
any child node, or it can be an internal node, which means it does have child node. Considering
Tj as left child node, and T, as right child node, T can be split into two parts. Let us consider a
feature q and a split value p. Based on q and p, the internal node T divides into two parts and
the condition g < p is used to decide whether a data point should go towards the left child node
T; or the right child node T, [62].

Let us assume a sample X with n data points x1, . . ., X, from a d-variate distribution [27]. An
isolation tree (iTree) is constructed using these data points by recursively dividing the sample
through random selection of a feature g and a split value p. The recursive partitioning process
continues until one of the stopping conditions is reached, namely when only a single data point
remains in a node (|X| = 1), when the tree reaches a maximum depth or height limit, or when
all data points in a node have identical values such that further splitting is not possible.

Each node in an iTree consists of either zero or two child nodes which indicates that it is a
proper binary tree. If we assume that all the data points are distinct, then when an iTree is fully
grown, each data point ends up in its leaf node, where the number of leaf nodes, internal nodes,
and total number of nodes are n, n — 1, and 2n — 1, respectively. Therefore, it is evident that the
memory usage increases in a linear manner as n increases.

Now, in order to detect anomalies, we can proceed in a way that all the data points are sorted
based on either their path lengths or anomaly scores. In general, anomaly points are shorter in
path length, hence making them top of the ranked list.

Assuming a data point x and its corresponding path length h(x). In an iTree, x traverses
a specific number of edges, beginning at the root node and progressing to the leaf node. The
total number of edges that x traverses is known as the path length of x. Using h(x), we have
to derive the anomaly score so that we may detect the anomalies.

Isolation Tree (iTree) Binary Search Tree (BST)
Constructed as proper binary trees Constructed as proper binary trees
Traversal ends at the leaf node Traversal stops when the search fails

No concept of key matching (not applicable) | Traversal may end in a successful search

Table 3.1.: List of similarities in Isolation Trees and Binary Search Trees

In Table 3.1, it can easily be seen that there are some similarities in iTree and BST in terms of
structure. In the case of iTree, traversal ends at the leaf node, whereas it ends in an unsuccessful
search in the BST. Therefore, we may say that the unsuccessful search in the BST is equivalent to
the average h(x) in iTree, and to estimate it, the analysis from the BST can be used. Assuming a
dataset consisting of n data points, the average path length of unsuccessful searches in the BST
can be determined using the following equation from Section 10.3.3 [40].

¢(n) =2H(n-1) - (2(n-1)/n). (3-17)
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3.3. Competitor Algorithms

here H(i) denotes the harmonic number and can be determined using In(i)+ Eulers con-
stant. Assuming s as the anomaly score, which can be calculated for an instance x by using the
following formula:

_E(h(x))
s(x,n) =27 | (3.18)

where E(h(x)) indicates the average of h(x). From Equation (3.18), different outcomes can be
observed. When E(h(x)) tends to c(n), the anomaly score s approaches 0.5. When E(h(x))
approaches 0, the anomaly score s moves toward 1. Finally, when E(h(x)) tends to n — 1, the
anomaly score s gets closer to 0.

1.0

©.1

@ F-- (e(n),0.5)

04

0.2

0.0

E(h(x))
Figure 3.6.: Relationship between E(h(x)) and s [31]

Figure 3.6 shows the relationship between the expected path length E(h(x)) and the anomaly
score s where for the values of 0 < E(h(x)) < (n—1),weget0) <s < 1.

Since the anomaly score s is obtained from Equation 3.18, it can be interpreted in the following
way. When the anomaly score is around 1, it indicates the presence of anomalies. When the
score is close to () or smaller than (.5, it corresponds to normal data points. When the score is
approximately (.5, it indicates that there are no clear or distinct anomalies.

3.3.4. DEAN

Deep Ensemble Anomaly Detection, which is also known as DEAN, is an ensemble-based anomaly
detection method that combines many simple deep neural networks into an ensemble in order to
improve performance, as well as robustness, interpretability, and scalability [21]. This method
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3. Anomaly Detection Algorithms

suggests some attributes, namely, Scalability, Depth, Variability, and Consistency, and focuses
on them in order to find a deep ensemble method.
The loss function used in DEAN method is defined as follows:

Lppan = (f(xtrain) - 1)2 (3-19)

where each model is trained to get a constant output value of 1. The idea behind this approach
is to detect the outliers. If the function f(x) returns an output value which is close to 1, meaning
f(x) = 1, then the samples should be considered as normal, whereas if the output of f(x)
deviates far from 1, then the samples are considered as anomalies [21].

The outlier score for each sample is calculated using the following equation:

Score = |(f (Xtest) — )| (3.20)

where ¢ indicates the mean value of f(Xirain)-

During the optimization process, DEAN uses relu as an activation function even though it may
sometimes lead to certain issues with vanishing gradients. In order to address these issues, it is
also suggested to use elu activation function. Additionally, to get a more stable and meaningful
output, no activation function is used in the final layer.

DEAN uses the feature bagging technique to train multiple submodels with different initial-
izations. The goal is not to optimize each submodel in order to get a higher accuracy, instead,
it focuses on the ensemble’s collective behavior of such submodels that can eventually perform
better.

In order to get the ensemble score, the following equation is used:

n

1
F(x) — ; Power Zﬁpower(x) (3‘21)

i=1

which averages the score of each model. If the score is higher, it means that the deviation from
the normal behavior is also higher. Therefore, it has a higher possibility of being an anomaly.

3.3.5. Additional Competitor Algorithms

Along with these four algorithms mentioned above, we compare our method against 11 addi-
tional competitor algorithms. These Include LOF [5], COF [55], DeepSVDD [47], PCA [6], HBOS
[14], COPOD [28], ECOD [29], CBLOF [17], LODA [38], DAGMM [64], and SOD [25].
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4. Methodology and Toy Experiment

We introduce a controlled toy experiment to establish an appropriate basis for the symbolic
regression approach proposed in this thesis. This experiment aims to evaluate whether the pro-
posed method could successfully rediscover a known mathematical relationship from synthetic
data using an evolutionary search strategy.

4.1. Motivation and Design

Symbolic regression is most suitable for tasks that involve extracting an interpretable and simple
functional relationship from data. In real-world scenarios, the ground truth is not always known,
making it hard to tell if a learned function is correct. To address this issue and ensure our method
would work, we created a toy experiment in which the underlying function is predetermined but
hidden from the optimizer.

We introduced two continuous variables, a and b, in this toy experiment, where b is defined
deterministically as a function of a:

b =a’. (4.1)

This relationship is suitable for an initial test of our method, since it is simple yet non-linear.
This equation has been instructed to search for a function f(a, b) such that:

f(a,b) = 1. (4.2)
We keep the underlying assumption that if the algorithm identifies the function:

b
f(a,b) = o (4-3)

then the desired condition f(a,b) = 1 will hold true whenever b = a?. In order to find
a normalized function that evaluates to a constant value, we simplify the goal of finding the
hidden dependency.

4.2. Data Generation

To create a consistent and informative dataset, we sampled 100 linearly spaced values for a from
the interval [—5, 5]. We used the quadratic equation b = a? to find the value of b for each value
of a. This structured dataset was the main dataset for training.
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Together with these structured pairings, we also produced random points (dand, branq) that
were independent of the structured function and evenly sampled from the same range. In order
to evaluate whether the determined function truly depends on both variables in a meaningful
way and to keep the process separate from converging to trivial constant functions, this random
sample was included.

4.3. Loss Function Design

The custom loss function is an important part of this experiment, which incorporates three es-
sential goals: (1) how close the output is to the target value; (2) how well it works with data
other than training data; and (3) how easy it is to understand the learned function.
The loss function is defined as:
Ly

Loss = —— + 0.1 - log(1 + log(1 + complexity)). (4.4)
L1 + Lo

Where:

« L = % Zf\il |f(a;, b;) — 1], tells us how far the function is from 1 on average across the
whole dataset.

o« Ly = —% f\il | f (@rands Drana) — 1| penalizes the function if it behaves similarly on
random, potentially incorrect data. This enables finding non-trivial functions that are
not constant across the domain.

+ The complexity term allows more interpretable solutions by penalizing too deep or large
expressions. In this case, the depth of the expression tree and the number of operations
are used to determine complexity.

This loss structure ensures the optimization of functions, achieving accurate results on known
data while maintaining simplicity and generalizability beyond the training samples.

4.4. Optimization Process

We used an evolutionary algorithm, a search method based on natural selection, to find the best-
fitting function. The algorithm incorporates a group of randomly generated candidate functions
instead of trying to make the perfect function from the beginning. Over many iterations, these
functions get better through two key operations: crossover, which takes parts of two functions
and makes new ones, and mutation, which makes small random changes. At the end of each
round, the most probable candidates, those who do best on a set of evaluation criteria, are chosen
to move on to the next round. This process will continue until a function that is accurate enough
and easy to understand is found.
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4.5. Results and Interpretation

At the beginning of the search process, the algorithm generated a random set of candidate
functions using a predefined library of mathematical operations. This library includes basic
mathematical operations, including addition and multiplication, trigonometric functions such as
sine and cosine, and additional nonlinear components. In each iteration, two existing population
functions were selected and combined via crossover or modified through mutation to generate
new candidate expressions. Each new function is evaluated using the loss function, with the
most effective ones being retained or modified to generate the next round of candidates, thus
enabling the population to evolve towards improved solutions gradually.

The search process was conducted for 30, 000 iterations, selected based on empirical findings,
to establish a compromise between convergence and maintaining an acceptable computational
cost. We observed the error values and complexity of the candidate functions at every stage of
the optimization.

4.5. Results and Interpretation
At the end of the optimization process, the algorithm identified the following function:

b
flab) = =. (@s)

a

This expression returns a value of 1 whenever the original data relationship b = a? holds,
which confirms that the underlying pattern was correctly discovered. The function achieved one
of the lowest loss values during the search while maintaining a minimal structural complexity,
making it accurate and simple to read.

This result is important for several reasons. First, it demonstrates that the symbolic regression
system can successfully extract a meaningful and correct mathematical equation from data even
without prior knowledge of the form of the function. Second, we can see that there is a good
trade-off between how accurate the loss function is and how easy it is to interpret. Finally, it
illustrates how well-designed evolutionary approaches can be a strong tool for finding accurate
and interpretable models.

4.6. Conclusion and Insights

The toy experiment illustrates the successful implementation of the symbolic regression ap-
proach. This indicates that evolutionary optimization, combined with an efficient loss function,
can effectively identify mathematical functions from accurate and interpretable data.

Though the configuration was kept intentionally simple, it highlighted some key features of
how the model operates, such as avoiding constant solutions, preferring simpler expressions, and
finding the appropriate equation structure. These results provide confidence that the approach
is feasible and beneficial for more complex problems, which will be addressed in the following
sections of this thesis.
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4.7. Proposed Ensemble Method (SYRAN)

In the previous section, we demonstrated a toy experiment in order to evaluate whether our
proposed SYmbolic Regression for unsupervised ANomaly detection (SYRAN) method can discover
a mathematical relationship from two-dimensional synthetic data. Since it worked successfully
with the toy experiment, we now extend this similar approach to more dimensional real-world
benchmark datasets.

The objective is to extend our method to higher-dimensional data and derive a mathemati-
cal equation for anomaly detection while maintaining the key advantages of simplicity, inter-
pretability, and generalizability. To achieve our objective, we employ an ensemble strategy that
involves subdividing high-dimensional data into smaller chunks. This allows us to apply our
symbolic regression approach on low-dimensional chunks and then combine the results to de-
tect outliers in a reliable and scalable way.

4.7.1. Motivation of the Ensemble Strategy

As the number of features increases, the search space for possible equations also becomes large,
hence making it very difficult to find accurate and interpretable models. Therefore, it is not
feasible to apply the symbolic regression directly to the higher-dimensional data. To address
this challenge, we adopt a strategy inspired by ensemble learning methods, which divide the
high-dimensional data into smaller chunks and combine the results to improve performance. In
particular, our approach is inspired by the DEAN method [21], which also employs ensembles to
improve anomaly detection performance. Our main idea is straightforward. Since our method
worked successfully on two features, we can implement it to a higher number of features just
by simply dividing them into smaller chunks, where each chunk will be treated independently.
We will then apply the symbolic regression to learn a small mathematical function that captures
a local pattern, and combine all these small models to form an overall anomaly score.

4.7.2. Feature Chunking and Symbolic Function Learning

We begin the process by dividing the entire set of input features into multiple random feature
chunks, each of which contains a small number of features (for example, three features per chunk).
Let’s assume a dataset with N number of features, which is divided into M number of chunks.
For simplicity, we assume each chunk has an equal size that contains k = % features, and the
data in each chunk mostly corresponds to a consistent but hidden pattern, similar to the toy
experiment.

Earlier in our toy experiment, we discovered a function f(a,b) = 1. Similar to that, in our
current ensemble technique for high-dimensional data, each chunk is used to train one symbolic
regression model. This gives us the opportunity to focus on simpler relationships within a small
group of features, hence making the whole learning process simpler and easier to understand.

We apply a symbolic regression for each chunk to learn a function f(x1, X2, ..., xx) ~ 1 that,
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4.7. Proposed Ensemble Method (SYRAN)

on normal (non-anomalous) training data, provides output values that are approximately 1. The
notation X1, X2, . . ., Xx denotes that a chunk has a total of k features. We apply the same custom
loss function as indicated in Equation (4.4). This loss function in Equation (4.4) also ensures that
each of the learned functions is accurate, simple, and easy to understand.

4.7.3. Alpha Parameter Tuning and Scoring

For each chunk with k number of features, a symbolic function f(x1, x2, . . ., Xk ) is learned and
for each function, we evaluate new test sample data by determining how much the output of the
function deviates from 1. The absolute deviation |f(x) — 1| allows us to find the anomaly by
simply measuring the deviation.

We need to convert this deviation into a probabilistic anomaly score, which is determined by
the following equation:

s=o(a-1f(x)-1)) (6)
where 0(z) is defined using the equation # This sigmoid function is scaled by a factor
a, and is calculated using the following equation:

1
a= (4.7)

Ex~train[|f(x) - 1”

meaning the average deviation over the training data. This scaling factor @ plays an important

role by preventing the sigmoid function from saturating, which could otherwise result in all
values collapsing to 0 or 1. By normalizing with the expected deviation, the scores are kept
well distributed, ensuring that the anomaly measure remains informative. This transformation
converts the raw deviations into the scores in the interval (0, 1), where values close to 1 indicate
more normal behaviour and values close to () indicate potential anomalies.

4.7.4. Score Aggregation

Each learned symbolic function produces an anomaly score. If there are M number of chunks,
then there would be M number of anomaly scores. To aggregate the predictions from multiple
chunks, we simply average the scores across all models. The score aggregation is calculated
using the following equation:

LM
SZM;&' (4.8)

where s; denotes the anomaly score from the i-th chunk and M denotes the total number of
chunks.

This ensemble approach enhances robustness by capturing a variety of patterns across multi-
ple feature chunks, as well as preventing overfitting to specific data points and reducing noise.
We also observe the cumulative average ROC AUC scores across chunks to assess the improve-
ment of performance with the addition of more symbolic models in the ensemble.
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4.7.5. Pseudocode of SYRAN

To clearly present the working mechanism of the proposed approach, we provide the pseudocode
of SYRAN in Algorithm 1. The method operates by dividing the feature space into smaller
chunks, applying symbolic regression within each chunk to learn expressions, and then aggre-
gating the results to compute anomaly scores.

Algorithm 1 SYRAN: SYmbolic Regression for unsupervised ANomaly detection

Require: training data X;4i, (assumed normal), test data x;.s; (unlabeled)
Require: hyperparameters: complexity € {0.01,0.05,0.10,0.20,0.30,0.40}, chunk size €
{3,4,5, 6, 7}, number of chunks € {5, 10, 15, 20, 25, 30}, iterations = 30000
Ensure: anomaly scores prediction and ROC-AUC performance
1 (Xtrain, Xtest) <= NORMALIZE(X¢rqins Xtest)
2: Partition feature space into num_chunk subsets of size chunk_size
3: for i = 1 to num_chunk do

4 Initialize random symbolic expression f;

5 fort =1 to 30000 do

6 Evaluate f; with loss = reconstruction error + complexity penalty

7: Update f; with mutation and crossover

8 end for ]

9: Compute scaling factor: ¢; < Frer L) =111

10: Compute anomaly score for each test instance x: s;(x) < o{e; - |fi(x) — 1])
11: end for

1
pﬂr{_chunk s; (X)

12: Aggregate scores into final prediction: S(x) ¢ ———
num_chunk — '

13: return prediction S(x)

1
= denotes the sigmoid function, which normalizes
e
the chunk-wise anomaly scores before aggregation. The algorithm highlights the role of the

In the above pseudocode, 0(z) =

three hyperparameters, namely, complexity, chunk size, and number of chunks, along with the
iterative search process of 30, 000 iterations for symbolic function discovery. This step-by-step
formalization provides a transparent view of how anomaly scores are generated.

4.7.6. Contribution of SYRAN

SYRAN allows us to extend the symbolic regression from the dataset with two features to a com-
plex and real world dataset with a higher number of features. These features are subdivided into
smaller chunks. Each symbolic model produces an anomaly score and all the scores from each
chunk are aggregated using the ensemble technique which ensures robustness, interpretability
and more accurate predictions. This approach allows us to directly extend the success of the toy
experiment into real-world problems for anomaly detection.
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5. Experiments with Real-World Data

5.1. Experimental Setup

5.1.1. Dataset Descriptions

This research includes 15 datasets that are publicly available to evaluate the performance of the
proposed method. They are drawn from the ADBench benchmark suite [15], which provides
a comprehensive collection of anomaly detection datasets, and chosen to represent a range of
real-world scenarios across various domains, including healthcare, biochemical, and categorical
classification problems. To ensure computational feasibility, we chose only datasets with no
more than 30 features and that could complete each set of hyperparameter evaluations within a
reasonable time limit (approximately 40 hours). Each dataset consists of normal and anomalous
instances, allowing for an in-depth model performance analysis, and is provided in . npz format,
containing a training feature set (x), a test feature set (tx), and the corresponding test labels
(ty). Out of these fifteen datasets, we explain five in detail below to provide an overview of their
properties and relevance.

breastw

The breastw dataset comprises 478 test samples and 205 training samples, each defined by nine
numerical features. These features are extracted from images of fine needle aspirates of breast
tissue and describe characteristics such as texture and shape. The dataset is important to biomedi-
cal research and is frequently used in binary classification tasks that differentiate between benign
and malignant cases.

Lymphography

The Lymphography dataset comprises 136 training samples and 12 test samples, each described
by 18 categorical features. It is applicable to the diagnosis of diseases that impact the lymphatic
system. Due to its categorical nature and small size, this dataset is valuable for evaluating models
on rare class detection and classification tasks in discrete feature spaces.

wine

The wine dataset consists of 109 training samples and 20 test samples, each of which is defined by
13 features. Chemical measurements of various wine types, such as acidity, alcohol content, and
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other physical or chemical properties, determine the features. This data set is frequently utilized
in classification tasks concerning wine quality or wine type. It is suitable for evaluating baseline
models and discovering their behavior on more straightforward datasets due to its smaller size

and lower dimensionality.

cardio

The cardio dataset has 1, 479 training samples and 352 test examples. Each sample is described
by 21 features. This dataset is often used to predict whether someone has or is likely to get
heart-related diseases, and these features are linked to indicators of cardiovascular health. Since
it is larger and has more dimensions than wine, this dataset makes a more difficult and realistic
classification task.

WBC

The WBC dataset consists of 203 training samples and 20 test samples, each of which is defined
by 9 features. It is relevant to biomedical applications such as cell classification and hemato-
logical diagnosis. This data set allows us to evaluate the performance of the model in smaller
datasets with fewer characteristics.

Additional Datasets

Along with these five datasets mentioned above, we evaluate our method on 10 additional
datasets. These Include Hepatitis, yeast, vowels, Stamps, Pima, PageBlocks, pendigits, glass, cover,
and Waveform.

5.1.2. Evaluation Metrics

To measure performance criteria such as accuracy, ROC score etc, a confusion matrix is very
useful. A confusion matrix consists of four cells, namely, true positive (TP), false negative (FN),
true negative (TN), and false positive (FP) [52]. TP indicates the number of predictions where
the model correctly predicts the positive class. TN represents the number of predictions where
the model correctly predicts the negative class. FP is the number of predictions in which the
model predicts a class as positive when the class is actually negative. FN denotes the number of
predictions where the model predicts a class as negative when the actual class is positive [52].

Accuracy, true positive rate (TPR), and false positive rate (FPR) can be calculated using the
following formulas [52]:

B TP+ TN o
ccuracy = . .
Y= TP+ TN+ FP+FN 51
TP
TPR= ——— . (5.2)
TP + FN
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_FP
" TN + FP’

Although accuracy is widely used as a performance measure, it is less informative in anomaly

FPR (5.3)

detection since anomalies are typically rare, and accuracy can be biased by the majority (normal)
class. For this reason, we do not rely on accuracy in this work. Instead, we focus on the receiver
operating characteristic (ROC) score, also known as the area under the curve (AUC), which is a
popular metric for evaluating the performance of anomaly detection and classification models.
The ROC curve is obtained by plotting the true positive rate (TPR) against the false positive rate
(FPR) across different decision thresholds. The ROC score measures the area under the curve,
with higher values indicating stronger discriminative performance. The ROC score lies between
0 and 1, where a value of 0.5 corresponds to random guessing, values below (.5 indicate perfor-
mance worse than random guessing, and a value of 1 represents perfect classification ability [4].

5.2. Hyperparameter Understanding

This section focuses on tuning the three hyperparameters employed in this study, namely com-
plexity, chunk size, and number of chunks (num_chunk). These hyperparameters define the be-
havior of the proposed method as illustrated in Algorithm 1. Specifically, the complexity param-
eter controls the penalty on the symbolic expressions to balance accuracy and interpretability,
the chunk size determines the number of features included in each subset or chunk, and the
number of chunks specifies how many such subsets are created. For each parameter, multiple
candidate values were considered: complexity € 0.05,0.01,0.10, 0.20, 0.30, 0.40, chunk size
€ 3,4, 5,6, 7, and number of chunks € 5, 10, 15, 20, 25, 30. The Cartesian product of these sets
yields a total of 180 distinct hyperparameter configurations. For example, for the complexity
parameter, each of the six values is evaluated in combination with five chunk sizes and six num-
bers of chunks (6 X 5 X 6 = 180). Similarly, chunk size and number of chunks are each tested
under the same 180 different configurations.

For each configuration, the method was evaluated on 15 datasets from the AdBench bench-
mark [15]. The performance metric used for hyperparameter selection was the average ROC
score across all datasets. To determine the best setting for each hyperparameter, results were
aggregated by fixing one parameter value and averaging over all combinations of the remaining
two. The parameter value that achieved the highest average ROC score was selected.

5.2.1. Complexity

The complexity parameter plays an important role in shaping the symbolic expressions gen-
erated by the algorithm, directly influencing both interpretability and predictive performance.
Lower weights of the complexity parameter allow the model to produce highly elaborate ex-
pressions consisting of multiple layers of exponentials, trigonometric functions, and composite
structures. While such equations may capture subtle nonlinearities, they are often difficult to
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interpret. Increasing the weight of this parameter gradually penalizes such complexity, forcing
the model to generate shorter and more human-readable equations. This behaviour highlights
the trade-off between accuracy gains that may arise from complex expressions and the clarity
of simpler, interpretable equations.

To illustrate this trade-off, we analyze the breastw dataset and report the symbolic expressions
obtained at different settings of the complexity parameter (Table 5.1). At very low weights (e.g.,
0.01 or 0.05), the algorithm produces highly complex nested expressions such as (exp (autogg) +
g)¢, which are expressive but difficult to understand. With moderate weights (0.10 or 0.20), the
expressions become more compact and manageable, while still retaining informative structure
(e.g. fPM or a3f). At high weights (0.30 or 0.40), the symbolic regression turns into ex-
tremely simple forms, such as f or b, which are easy to interpret but overly simplistic.

Complexity Weight Equation 1 Equation 2
0.01 (exp(autogp) + g)° acos@/c”
0.05 pfeTmen) iexp(9)
0.10 feXp(h) a>f
0.20 a®xp(c) gexp(i)
0.30 b3 0.9999¢
0.40 f b

Table 5.1.: Effect of complexity parameter on symbolic expressions on the breastw dataset.

In addition to interpretability, we also measured predictive performance across all datasets to
determine the impact of the complexity parameter on anomaly detection accuracy. For each of
the six tested complexity values, the method was performed under all combinations of chunk
size and number of chunks, yielding 5 X 6 = 30 configurations per complexity level. Each
configuration was evaluated on 15 datasets from the AdBench benchmark [15] using the ROC
AUC as the performance metric. The resulting scores were then averaged first across all datasets
and then across all configurations to obtain the mean ROC AUC per complexity setting.
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Complexity vs Average ROC Score
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Figure 5.1.: Complexity vs ROC Scores for all datasets.

Figure 5.1 shows the relationship between the complexity parameter and the average ROC
AUC scores. The results indicate that the average ROC AUC ranges only from about 0.643 to
0.656 across all complexity values, suggesting that the parameter has minimal effect on pre-
dictive performance. Performance is relatively stable, and differences across settings fall within
the variability observed across datasets. Thus, while (.10 shows the numerically highest mean
score (0.655), this improvement is not dramatic compared to other values. At the same time,
the highest weight (0.40) still provides similarly high scores, but the resulting equations are
overly simplistic, limiting their explanatory power.

Overall, this analysis shows that the complexity parameter regulates the balance between
interpretability and performance. Very low values encourage overly complicated expressions
that are hard to read, whereas very high values collapse the symbolic models into trivial forms
with limited insight. Based on both interpretability and performance, a middle-range complex-
ity value of 0.10 was selected as the optimal setting for subsequent experiments. However, it
should be noted that predictive performance was relatively stable across the tested range, so
this choice is guided more by the interpretability—complexity trade-off than by substantial dif-
ferences in ROC AUC. Nevertheless, it is important to acknowledge a limitation of our method.
While the parameter effectively controls symbolic complexity, it does not guarantee that the re-
sulting expressions at the extremes are meaningful. At high weights, the method risks producing
equations that, although interpretable, may not capture informative relationships.

5.2.2. Chunk Size

The chunk size parameter was tuned over five candidate values, with each value corresponding
to 36 different combinations with complexity and number of chunks.
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Figure 5.2 presents the relationship between chunk size and the average ROC score across
the 15 datasets. The figure shows that after the initial increase, the average ROC score drops at
chunk size 5 but then increases again, reaching its highest value at chunk size 7 with an average
ROC AUC of 0.655. Consequently, the chunk size 7 was selected as the optimal setting for

Average ROC Score

Chunk Size vs Average ROC Score

0.656 -

0.654 -

0.652 -

14
EY
a
o

o
@
&
)

0.646 -

0.644 -

0.642 -

T T T T T T T T T
3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0
Chunk Size

Figure 5.2.: Chunk Size vs ROC Scores for all datasets.

subsequent experiments.

5.2.3. Number of Chunks

The number of chunks was varied across six values, ranging from 5 to 30 in increments of 5.
Each value corresponds to 30 different combinations with chunk size and complexity.
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Number of Chunks vs Average ROC Score
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Figure 5.3.: Number of Chunks vs ROC Scores for all datasets.

Figure 5.3 shows the relationship between the number of chunks and the corresponding aver-
age ROC score. The results indicate that performance improves steadily up to 20 chunks, where
it reaches its peak value of approximately 0.662. Beyond this point, performance declines, with
the score decreasing to around 0.653 at 30 chunks. Therefore, the optimal number of chunks
selected for subsequent experiments is 20.

5.2.4. Heatmap Analysis of Hyperparameters

Fixed Chunk Size
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Figure 5.4.: Heatmap of Average ROC AUC Scores Across Number of Chunks and Complexity
with Chunk Size 7.

Figure 5.4 presents the heatmap of average ROC scores for different combinations of the num-
ber of chunks and complexity, with the chunk size fixed at 7. The color intensity in the heatmap
indicates the magnitude of average ROC scores for each combinations, with darker shades rep-
resenting higher ROC scores. From the heatmap, we can see that the model performance varies
across both the number of chunks and complexity levels. Overall, the scores range between 0.58
and 0.72, indicating moderate discriminative performance across settings.

Figure 5.4 shows that when complexity values are low (0.01 — 0.05), it results in stable but
only moderately high performance, while increasing complexity values to (0.1 — 0.2) improves
the results considerably, particularly when the number of chunks is set between 15 and 20.
On the other hand, with high complexity values (0.3 — 0.4), we can see a decrease in the
performance, likely due to overfitting or decreased generalization capability.

A similar trend is observed for the number of chunks. Using very few chunks results in lower
ROC scores, whereas increasing the number of chunks to (15 — 20) provides stronger and
more consistent performance, particularly at moderate complexity. Increasing the number of
chunks beyond 25 shows stable but not significantly higher performance, indicating compara-
tively lower performance from further increasing this parameter.

The highest ROC score of 0.7176 is achieved with 15 chunks and a complexity of 0.2, indi-
cating that optimal performance can be obtained by having balanced moderate settings of com-
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plexity and chunk number, rather than extreme parameter values when chunk size is fixed. For
completeness and to evaluate robustness across chunk sizes, additional heatmaps for alternative
chunk sizes (3,4, 5, and 6) are presented in Appendix A (Figure A.1, A.2, A.3, and A.4).

Fixed Number of Chunks

Heatmap of Avg ROC AUC Scores
(num_chunk = 15)

Chunk Size
5

-0.62

-0.60
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Figure 5.5.: Heatmap of Average ROC AUC Scores Across Chunk Size and Complexity with
Number of Chunks 15.

Figure 5.5 presents the heatmap of average ROC AUC scores for various combinations of
chunk size and complexity, with the number of chunks fixed at 15. The color intensity in the
heatmap signifies the average ROC AUC for each setting, with darker shades representing higher
scores. From the heatmap, it is evident that model performance varies across both chunk size
and complexity. Overall, scores range from 0.56 to 0.72, indicating moderate discriminative
ability across these configurations.

At low complexity values (0.01 — 0.05), performance tends to be stable but only moderately
high for all chunk sizes. Increasing complexity to the moderate range (0.1 — 0.2) improves
results considerably for most chunk sizes, with chunk size 7 and complexity 0.2 achieving the
highest ROC score of 0.7176. In contrast, higher complexity values (0.3—0.4) often correspond
with reduced performance, which is likely attributable to overfitting or a loss of generalization
capability.

Chunk size also demonstrates a notable effect on ROC scores. Smaller chunk sizes (3 or 4)
produce moderate to strong performance, particularly when paired with moderate complexity.
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However, chunk size 5 generally yields lower ROC values, particularly at low complexity. In-
creasing chunk size to 6 and 7 enhances model performance, with chunk size 7 at moderate
complexity providing the peak value.

In summary, the heatmap indicates that optimal performance is achieved with a balanced
selection of high chunk size (7) and moderate complexity (0.2), as extreme values for the com-
plexity parameter does not improve and may even degrade performance. Additional heatmaps
exploring alternative numbers of chunks (5, 10, 20, 25, and 30) are provided in Appendix A (see
Figures A.5, A.6, A.7, A.8, and A.9) to further illustrate this behavior.

Fixed Complexity

Heatmap of Avg ROC AUC Scores
(complexity = 0.2)

Num Chunk

-0.62

-0.60

-0.58

Chunk Size

Figure 5.6.: Heatmap of Average ROC AUC Scores Across Chunk Size and Number of Chunks
with Complexity o.2.

Figure 5.6 presents the heatmap of average ROC AUC scores for different combinations of
chunk size and number of chunks, with complexity fixed at 0.2. The color intensity represents
the magnitude of the ROC AUC scores for each parameter pairing, where darker shades indicate
higher performance. The figure shows that model discrimination capabilities varies as both
chunk size and number of chunks change, with scores ranging approximately from 0.56 to 0.72,
suggesting moderate overall performance.

Analysis of the heatmap shows that models with small chunk sizes (3 or 4) generally result
in consistently high ROC AUC values across various numbers of chunks, especially in the mid-
range (15 — 25). Chunk sizes 6 and 7 also exhibit strong performance, particularly for number
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of chunks (15 — 20), where chunk size 7 and number of chunks 15 achieve the highest AUC
of 0.7176. In contrast, chunk size 5 tends to produce lower AUCs, especially for small or large
numbers of chunks.

With respect to the number of chunks, using lower number of chunks (5 or 10) often results
in moderate performance, while mid-range values (15 — 25) yield higher and more consistent
ROC AUC scores, regardless of chunk size. The highest scores are observed for chunk sizes 4, 6,
and 7 with number of chunks set to (15 — 25). Increasing the number of chunks beyond 25
maintains performance stability but does not further increase ROC AUC.

Overall, the highest average ROC AUC scores are obtained with a balanced setting of large
chunk size and mid-range numbers of chunks (15 —25) under fixed complexity. To ensure com-
pleteness and evaluate robustness across complexity settings, additional heatmaps for alterna-
tive complexity values (0.01,0.05,0.1, 0.3, and 0.4) are provided in Appendix A (Figure A.10,
A.11, A12, A.13, and A.14).

Conclusion

Although some of the trends are already visible in a single heatmap, presenting all three per-
spectives which are fixed chunk size, fixed number of chunks, and fixed complexity, is essential
for a complete interpretation. Each of these views captures a different slice of the hyperpa-
rameter space and highlights how performance varies when specific parameters are controlled.
Fixing only one hyperparameter does not show how performance changes when that param-
eter itself is varied. Moreover, showing all heatmaps allows for cross-validation of observed
patterns and emphasizes that hyperparameters do not act in isolation but interact to influence
performance. As interpretability is a central theme of this work, including all three heatmaps
ensures transparency in the experimental exploration and provides the reader with a clear and
robust understanding of the parameter effects without requiring reliance on the Appendix alone.

It is also important to note that while the heatmaps suggest a local optimum around com-
plexity 0.2, chunk size 7, and 15 chunks, the global optimum identified earlier in Sections 5.2.1,
5.2.2, and 5.2.3 (complexity 0.1, chunk size 7, and 20 chunks) was determined using the average
ROC scores across all combinations. This approach, based on mean performance across datasets,
is more reliable, since a single high-scoring configuration (such as the one observed at 0.2, 7,
and 15) may be sensitive to random initialization or seed variation. Averaging across combina-
tions provides a more robust and stable criterion for hyperparameter selection. In this way, the
heatmaps are used to illustrate interaction effects and highlight promising regions of the hy-
perparameter space, while the line-chart analyses ensure that the final reported settings reflect
consistent and generalizable performance.

5.3. Performance Evaluation

To evaluate the performance of our proposed SYRAN (SYmbolic Regression for unsupervised ANomaly
detection) algorithm, we compare it with 16 anomaly detection methods, namely, DEAN, PCA,
OCSVM, LOF, CBLOF, COF, HBOS, KNN, SOD, COPOD, ECOD, DeepSVDD, DAGMM, LODA, and
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IForest. The results of these algorithms are taken from the Unsupervised Surrogate Anomaly
Detection study by Kliittermann et al. [21].

5.3.1. Performance Analysis on the breastw Dataset

Performance of Algorithms on breastw Dataset

Algorithms

ocsvm

DeepsvDD

LoF

CcoF

DAGMM -N/A i | | |
0.0 0.2 0.4 0.6 0.8 1.0

ROC Score

Figure 5.7.: Accuracy comparison of different algorithms on the breastw dataset.

Figure 5.7 shows the ROC AUC scores of various competitor algorithms along with the proposed
SYRAN method, evaluated on the breastw dataset. SYRAN achieves a ROC score of 0.9847, which
shows strong performance and places it among the best-performing algorithms for this breastw
dataset.

The highest scores are obtained by COPOD (0.9968) and DEAN (0.9967), closely followed
by ECOD, HBOS, and LODA, all of which achieve ROC scores above 0.98. The performance
of SYRAN falls within this top group, indicating that the proposed approach is comparable to
state-of-the-art methods in anomaly detection.

Traditional algorithms such as [Forest, KNN, and CBLOF also perform well, with slightly lower
ROC AUC scores ranging from 0.95 to 0.97. In contrast, methods like SOD, OCSVM, DeepSVDD,
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LOF, and COF show moderate to poor performance, as reflected by substantially lower ROC AUC
values. DAGMM failed to produce a valid score.

Overall, the comparison demonstrates that SYRAN is both reliable and competitive. It out-
performs many traditional methods and achieves performance that is very close to the strongest
modern algorithms on the breastw benchmark.

5.3.2. Accuracy Comparison Across Datasets

Algorithm Hepatitis Lymphography PageBlocks Pima Stamps WBC Waveform

SYRAN 0.6302 0.8889 0.8219 0.5254 0.6051 0.9900 0.5713
DEAN 0.4615 1.0000 0.8587 0.6754 0.8512 0.9900 0.7449
PCA 0.7595 0.9982 0.9064 0.7077 0.9147 0.9820 0.6548
OCSVM 0.6775 0.9954 0.8876 0.6692 0.8386 0.9903 0.5629
LOF 0.3802 0.8986 0.7590 0.6571 0.5126 0.5417 0.7332
CBLOF 0.6640 0.9983 0.8504 0.7142 0.6818 0.9946 0.7242
COF 0.4145 0.9085 0.7265 0.6105 0.5381 0.6090 0.7256
HBOS 0.7985 0.9949 0.8058 0.7107 0.9073 0.9872 0.6877
KNN 0.5276 0.5591 0.8194 0.7343 0.6861 0.9056 0.7378
SOD 0.6817 0.7249 0.7775 0.6125 0.7326 0.9460 0.6857
COPOD 0.8205 0.9948 0.8805 0.6910 0.9340 0.9911 0.7503
ECOD 0.7967 0.9952 0.9092 0.5154 0.9141 0.9911 0.7325
DeepSVDD  0.5096 0.3229 0.5777 0.5103 0.5584 0.5550 0.5447
DAGMM 0.5480 0.7211 0.8961 0.5592 0.8888 - 0.4935
LODA 0.6487 0.8555 0.8334 0.6593 0.8718 0.9691 0.6013
IForest 0.6975 0.9981 0.8957 0.7287 0.9121 0.9901 0.7147

Table 5.2.: ROC comparison of different algorithms across the first 7 datasets.

Tables 5.2 and 5.3 illustrate the ROC scores of sixteen anomaly detection algorithms across 15
benchmark datasets. The results show that algorithmic performance varies considerably based
on the dataset characteristics. Methods such as DEAN, IForest, COPOD, PCA, ECOD, and HBOS
consistently show strong performance, often resulting in ROC values above 0.98 on datasets
like Lymphography, and WBC, and get ROC scores above 0.90 on the pendigits dataset.

In contrast, several algorithms show mixed performance across datasets. For instance, SYRAN
performs very well on WBC (0.9900) and breastw (0.9847), and achieves a competitive score
on wine (0.8800). However, it shows lower performance on more complex datasets such as
Pima (0.5254), Waveform (0.5713), and yeast (0.5618). Similarly, algorithms like LOF and
COF generally produce modest scores, often below (.80, which means they can not easily adapt
to different types of data distributions.
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Algorithm breastw cardio cover glass pendigits vowels wine yeast

SYRAN 0.9847 0.7711 0.5018 0.6790 0.3306 0.6452 0.8800 0.5618
DEAN 0.9967 0.9274 0.5000 0.9012 0.9821 0.9616 0.8800 0.5445
PCA 0.9513 0.9555 0.9373 0.6629 0.9373  0.6529 0.8437 0.4115
OCSVM 0.8030 0.9391 0.9262 0.3536 0.9375 0.6159 0.7307 0.4100
LOF 0.4061 0.6633 0.8458 0.6920  0.4799 0.9312 0.3774 0.4531
CBLOF 0.9681 0.8993 0.8930 0.8294 0.9040 0.8992 0.2586 0.4485
COF 0.3884 0.7141 0.7691 0.7224 0.4507 0.9404 0.4444 0.4448
HBOS 0.9894 0.8467 0.8024 0.7723 0.9304 0.7221 0.9136 0.3964
KNN 0.9701 0.7664 0.8597 0.8229  0.7295 0.9726 0.4498 0.3906
SOD 0.9397 0.7325 0.7446 0.7336  0.6629  0.9265 0.4611 0.4246
COPOD 0.9968 0.9235 0.8864 0.7243 0.9068  0.5315 0.8865 0.3699
ECOD 0.9917 0.9444 0.9342 0.7570  0.9122  0.4581 0.7134 0.3961
DeepSVDD  0.6566 0.5896 0.4620 0.4749 0.3992 0.5249 0.5952  0.4792
DAGMM - 0.7501 0.8989 0.7609  0.6422  0.6058 0.6170 0.4111
LODA 0.9849 0.9034 0.9234 0.7313 0.8910 0.7036 0.9012 0.4458
IForest 0.9832 0.9319 0.8674 0.7713 0.9476 0.7394 0.8037 0.3776

Table 5.3.: ROC comparison of different algorithms across the last 8 datasets.

Some traditional algorithms, such as DAGMM and DeepSVDD, tend to underperform compare
to other algorithms. Their ROC scores frequently remain below (.70, with a few exceptions,
for example, DAGMM achieves above 0.88 only on PageBlocks, cover, and Stamps. This indicates
that these models are less suitable for various anomaly detection tasks.

The most challenging dataset appears to be yeast, where nearly all algorithms perform poorly,
with ROC scores typically below 0.60. SYRAN outperforms all other algorithms on this dataset,
while strong algorithms such as DEAN and IForest record relatively low values 0.5445 and
0.3776 respectively, highlighting the difficulty posed by noisy or overlapping data structures.

Overall, no single algorithm dominates across all datasets. Instead, performance strongly de-
pends on the nature of the dataset, emphasizing the importance of evaluating anomaly detection
algorithms over a wide range of benchmarks. While SYRAN achieves competitive results in sev-
eral domains, its relative performance varies, underlining both its potential and its limitations.

5.3.3. Critical Difference (CD) Diagram

To further evaluate the performance of the anomaly detection algorithms presented in Tables 5.2
and 5.3, we conduct a statistical analysis and visualize the results using a critical difference (CD)
plot.
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Figure 5.8.: Critical Difference (CD) diagram comparing the AUC-ROC performance using fifteen
datasets. SYRAN is highlighted in green while other anomaly detection algorithms
are in black.

Figure 5.8 presents the CD diagram, which ranks algorithms based on their average perfor-
mance across all fifteen benchmark datasets. In this ranking, lower values indicate stronger
overall performance. A horizontal line connects groups of algorithms that are not statistically
significantly different from each other.

The results indicate that DEAN achieves the best overall ranking, followed by IForest and al-
gorithms such as COPOD, PCA, and ECOD. In comparison, SYRAN achieves a mid-level position,
ranking after DAGMM and before SOD. While SYRAN is not among the top-ranked methods, it
remains competitive, outperforming algorithms such as LOF, COF, and DeepSVDD, which are the
lower-ranked algorithms for these 15 datasets.

These findings suggest that while SYRAN does not occupy the very top position in the ranking,
no algorithm is statistically significantly better than SYRAN according to the CD analysis. This
result highlights that SYRAN performs on par with strong baselines such as DEAN and IForest,
while additionally offering the important advantage of interpretability through symbolic repre-
sentations. In this sense, the CD plot demonstrates that SYRAN achieves a balanced trade-off.
It provides competitive predictive performance while simultaneously enabling transparent and
interpretable anomaly explanations, a feature not available in most other methods.

5.4. Equations from Real-World Datasets

In interpretable machine learning, the true value of a model lies not just in its predictive per-
formance, but in its ability to extract meaningful patterns in real-world data. In this section,
we demonstrate how our SYRAN algorithm can extract clear, human-readable equations from a
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medical dataset named breastw (Wisconsin Breast Cancer Dataset).

This dataset consists of 9 cytological features, namely, clump thickness, uniformity of cell size,
uniformity of cell shape, marginal adhesion, single epithelial cell size, bare nuclei, bland chromatin,
normal nucleoli, and mitoses. Accurately distinguishing malignant from benign tumors is a chal-
lenging task that demands models that are both precise and understandable, particularly in a
clinical context. For this demonstration, we use the optimal complexity value of 0.10, as iden-
tified in Section 5.2.1, which offers a balanced trade-off between interpretability and predictive
performance.

5.4.1. Extraction of Symbolic Equation

Here are three example equations produced by the algorithm, each involving a single feature
raised to an exponential power. These demonstrate how the approach balances predictive accu-
racy (AUC-ROC) and formula simplicity for interpretable results.

Sl — fexp(h)’
52 = a3f,
Ss = b,

where a denotes clump thickness, b denotes uniformity of cell size, f denotes bare nuclei, and
h denotes normal nucleoli. These equations capture nonlinear, exponential interactions among
key cytological features that are known to correlate with malignancy. For example, in S1, higher
values of bare nuclei combined with elevated nucleoli indicate more aggressive tumors, and the
exponential form highlights how risk can increase sharply rather than linearly.

5.4.2. Biomedical Interpretation

Beyond performance metrics, the key advantage of these symbolic equations is interpretability.
The interpretability of these equations allows us to directly understand how individual cyto-
logical features contribute to malignancy risk. Unlike complex models such as random forests
or deep neural networks, which are difficult to explain, these formulas are transparent, which
gives the advantage that clinicians can understand directly how features like clump thickness or
nucleoli contribute to malignancy risk. For instance, S1 highlights the interaction between bare
nuclei and nucleoli, capturing how nuclear abnormalities amplify malignancy risk. Similarly, S3
indicates that as ununiformity of cell size increases, malignancy risk grows rapidly, highlighting
potential threshold effects that can guide diagnostic decisions.
Interpretation of the Symbolic Regression Equation S; = (f eXp(h))

The equation 57 = (feXp(h)) models the bare nuclei feature (f) raised to an exponential power
determined by normal nucleoli (h), yielding an exponential growth term that reflects their com-
bined diagnostic influence in malignant cases.
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From a cytological perspective, bare nuclei are isolated nuclei stripped of their cytoplasmic
envelope. In benign breast aspirates, these typically represent myoepithelial cells and are seen
as uniform, bipolar structures within cohesive epithelial clusters [54, 57, 19]. By contrast, in
malignant aspirates such as invasive ductal carcinoma, an increased number of naked tumor
nuclei has been reported, reflecting tumor cell dissociation and loss of adhesion [45].

The exponent exp(h) introduces marked sensitivity to nucleolar prominence. Nucleoli are
key sites of ribosomal biogenesis, and enlargement or conspicuity of nucleoli is a recognized
cytological feature of malignancy, associating with increased protein synthesis and cell pro-
liferation. In this formulation, as h increases, the effective power on f escalates dramatically
(e.g., for h = 5, exp(H) =~ 148; for h = 10, exp(10) =~ 22,026). This formulation, there-
fore, captures a synergistic relationship in which larger and more conspicuous nucleoli, often
seen in high-grade tumors, significantly amplify the diagnostic impact of bare nuclei. This in-
terpretation is consistent with established grading systems, where both nucleolar prominence
and nuclear morphology contribute significantly to the discrimination of benign and malignant
lesions [45].

It is important to note that a small value of S1 does not solely determine whether the tissue is
normal. Instead, S1 needs to be 1 to show that the cytology is normal. This indicates that a low
value of f combined with a high value of h results in an abnormal Sy, suggesting malignancy
due to the exponential amplification. In contrast, a low value of f with a negative or very low
value of h yields Sy approaching 1, which indicates normal tissue. This indicates that negative or
very low nucleolar prominence effectively normalizes the impact of bare nuclei, aligning with
benign cytological features.

In summary, equation S acts as a proliferation amplifier. When nucleolar prominence (h) is
negative or very low, S1 remains close to 1, reflecting normal cytology regardless of bare nuclei
levels. However, as nucleoli become increasingly prominent (positive h), the effect of bare nuclei
(f) grows nonlinearly, indicating aggressive tumors. This provides an interpretable quantitative
link for pathologists, where nucleolar hyperactivity magnifies nuclear fragility, serving as a
surrogate marker of malignant transformation.

Interpretation of the Symbolic Regression Equation Sy = a3t

The equation So = a3t captures a synergistic interaction between clump thickness (a) and
bare nuclei (f), two critical cytological features of breast tumors. In the equation, clump thick-
ness is raised to a power proportional to bare nuclei, scaled by a factor of 3. For example, if
f = 2 (benign-like), the exponent is 6, producing a strong effect (e.g., a = 7 yields 70 ~
117,649); if f = 7 (malignant), the exponent becomes 21, yielding an extreme output (e.g.,
7?1 ~ 5.6 x 10'7). This exponential relationship suggests that bare nuclei amplify the ma-
lignancy risk associated with loose tumor clumps, reflecting a biological synergy where fragile
cells (high f) worsen the invasive potential of dissociated clumps (high a).

The equation S9 enhances the ability of our SR model to distinguish benign from malignant
tumors. Its nonlinear structure amplifies the combined effect of clump thickness and bare nuclei,
creating a clear threshold for malignancy risk. For instance, low values (e.g, a = 2, f = 1,
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Sy = 23 = 8) indicate benign tumors, while high values (e.g, a = 7, f = 5, Sy ~ T'9)
indicate malignant cases. This aligns with clinical grading, where dissociated clumps and fragile
nuclei indicate high-grade carcinomas [42]. The simplicity of this equation lies in the single term
involving two features, which makes it interpretable for pathologists, who can use it as a risk
score in FNA diagnostics, complementing traditional scoring systems.

In summary, the equation S2 is a biologically meaningful and interpretable component of our
SR model. It quantifies the synergistic interaction between clump thickness and bare nuclei,
reflecting how cellular dyshesion and fragility drive tumor invasiveness in breast cancer. For
pathologists, this offers an interpretable signal, such as cohesive clumps with few bare nuclei
suggest benignity, while dissociated clumps combined with abundant bare nuclei predict malig-
nancy with high sensitivity.

Interpretation of the Symbolic Regression Equation S3 = b3

The equation S3 = b? captures the nonlinear escalation of malignancy risk associated with
uniformity of cell size, a key cytological feature in breast cancer diagnostics. In cytological
literature, benign cells are described as showing uniformity in size and shape in both cellular
and nuclear dimensions, whereas malignant or dysplastic changes are associated with loss of
this uniformity, or pleomorphism [44].

The cubic transformation in S3 amplifies the effect of cell size variation. For example, a benign-
like score of b = 2 yields S3 = 8, while a malignant score of b = 8 produces S5 = 512,
and b = 10 yields S3 = 1000. This cubic nonlinearity reflects a biological threshold where
moderate size variation has minimal impact, but extreme variation indicates aggressive tumor
behavior. Cytological grading systems, such as Robinson’s, assign higher scores to increased cell
size variation, correlating with histological grade and poor prognosis [42].

Equation S3 strengthens the ability of our SR model to distinguish benign from malignant
tumors. Its cubic structure creates a clear threshold for malignancy risk where low values (e.g.,
b = 2, S3 = 8) indicate benign tumors, while high values (e.g., b = 7, S3 = 343) indicate
malignant cases. This aligns with clinical practice, where increased cell size variation is a diag-
nostic marker for high-grade carcinomas [42]. The simplicity of this equation lies in the single
term with one feature, which makes it highly interpretable for pathologists, who can use S3 as
a standalone risk score in FNA diagnostics.

In summary, equation S3 is a biologically meaningful and interpretable component of our
SR model. It quantifies the nonlinear escalation of malignancy risk driven by cell size varia-
tion, reflecting the anaplastic changes in aggressive breast tumors. For pathologists, this offers
an interpretable signal, such as uniform cell sizes (low b) suggest benignity, while pronounced
variation in cell size (high b) indicates malignancy.

5.4.3. Conclusion

By extracting these equations from real-world data, our method provides a transparent and
interpretable alternative to traditional black-box models. Researchers and clinicians can use
such equations not only for predictive tasks but also for gaining mechanistic insights into the
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factors driving malignancy, thereby supporting explainable and trustworthy decision-making in
medical contexts.

Overall, these equations show that interpretable symbolic regression can transform raw biomed-
ical data into understandable, reliable knowledge that supports decision-making in high-stakes
settings like oncology.

5.5. Extended Analysis with Higher Number of Chunks

To further investigate whether we can improve the average performance of the proposed method,
we extended the hyperparameter space by increasing the number of chunks to larger values of
50, 100, and 200. In contrast to the previous experiments, where the number of chunks ranged
from 5 to 30, this setting explores whether a higher number of chunks can provide performance
benefits. To balance computational feasibility, the chunk size was reduced to values of 3, 4, 5, and
6, removing chunk size 7 from consideration. This experiment was conducted on 12 different
sets of datasets, selected based on their ability to complete within the available computational
resources, with these new hyperparameter settings.

5.5.1. Effect of Higher Number of Chunks

The relationship between the number of chunks and the average ROC AUC score is illustrated
in Figure 5.9. As shown, performance improves gradually as the number of chunks increases.
Moving from 50 to 200 chunks raises the average ROC AUC from approximately 0.69 to nearly
0.77. This indicates that dividing features into a larger number of chunks enables the symbolic
ensemble to capture richer and more detailed relationships in the data, which improves anomaly
detection capability.
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Number of Chunks vs Average ROC Score
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Figure 5.9.: Complexity vs ROC Scores for twelve datasets with a higher number of chunks.

However, the results also suggest diminishing returns beyond a certain point. While the jump
from 50 to 100 chunks yields a substantial improvement, the gains from 100 to 200 chunks,
although positive, are comparatively smaller. This indicates that, although larger numbers of

chunks are beneficial, they come at the cost of higher computational effort and only moderate

accuracy improvements beyond a certain point.

5.5.2. Comparative Performance Evaluation

Critical Difference Diagram
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Figure 5.10.: Critical Difference (CD) diagram comparing the AUC-ROC performance using
twelve datasets with a higher number of chunks. SYRAN is highlighted in green.
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In order to illustrate these findings, we used a CD plot to further evaluate the extended chunk
configuration against established anomaly detection baselines, as illustrated in Figure 5.10. The
diagram ranks the algorithms based on their average ROC AUC across the 12 datasets, where a
lower rank value indicates stronger overall performance. Algorithms connected by a horizontal
line are not statistically significantly different from each other.

The results show that IForest (4.2) achieves the best ranking, followed closely by COPOD
(5.4), PCA (5.7), ECOD (5.7), and DEAN (5.8). These algorithms form the leading group, con-
sistently delivering high predictive accuracy. In comparison, SYRAN achieves an average rank
of 8.1, which places it in the mid-tier but still within the equivalence group that includes es-
tablished baselines such as CBLOF (8.0), OCSVM (8.2), and KNN (8.7). Importantly, SYRAN
outperforms several methods such as LODA (9.3), SOD (10), DAGMM (11), COF (12), LOF (12),
and DeepSVDD (14), all of which are positioned at the lower end of the ranking.

Compared to the earlier CD analysis with smaller chunk configurations (Figure 5.8), the high-
chunk setting shows a relative improvement for SYRAN. While it does not surpass the very
top-performing methods, its competitive placement within the same statistical group as strong
baselines indicates that the algorithm scales effectively with larger chunk settings. This suggests
that although SYRAN requires more computational resources, it still offers a good balance be-
tween interpretability and performance, and remains competitive even under more demanding
hyperparameter configurations.

5.5.3. Conclusion

In summary, this extended analysis shows that increasing the number of chunks improves the
performance of SYRAN by allowing the model to capture more detailed feature interactions.
While higher numbers of chunks (50, 100, 200) provide consistent improvements, they also
come with higher computational demands, making it necessary to balance accuracy against
efficiency. Moreover, this behaviour shows a clear trade-off between interpretability and per-
formance. As the number of chunks increases, the ensemble produces a larger number of sym-
bolic equations, which enhances predictive power but makes the overall model structure more
complex and less interpretable. These results highlight that SYRAN can adapt to different com-
putational costs. When resources are sufficient, a higher number of chunks delivers near state-
of-the-art accuracy, whereas moderate settings already provide competitive performance with
reduced complexity and cost. Further increasing the number of chunks could potentially lead to
even better results, though at the expense of additional computational effort.
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6. Conclusion and Future Work

This thesis proposed SYRAN (SYmbolic Regression for unsupervised ANomaly detection), a novel
symbolic regression based approach for interpretable unsupervised anomaly detection. The
method is designed to address a key challenge in anomaly detection by achieving accurate de-
tection while maintaining human interpretability. By using evolutionary mathematical function
learning together with an ensemble framework based on feature chunking, SYRAN transforms
raw data into transparent equations that can be directly evaluated and understood by researchers
and domain experts.

The experiments on 15 real-world datasets showed that SYRAN is competitive with estab-
lished anomaly detection algorithms. It performed particularly strongly on biomedical datasets
such as breastw and WBC, where it achieved ROC scores close to or above 0.98, and it was able
to produce symbolic equations that carried meaningful biomedical interpretations. On some
datasets, such as Pima, Waveform, and yeast, the performance was lower, indicating the diffi-
culty of learning robust symbolic functions under noisy or high-dimensional conditions. The
study of hyperparameters further showed that moderate complexity, larger chunk sizes, and a
balanced number of chunks in the range of 15 — 20 often yielded the best results. Compared
with methods like DEAN, IForest, and COPOD, SYRAN achieved a middle-level overall ranking.
Although it does not reach state-of-the-art performance compared to the strongest algorithms, it
is also not significantly worse, and its main strength remains the interpretability of the learned
functions.

The main contribution of this work lies in showing that symbolic regression can be adapted to
unsupervised anomaly detection in a way that balances interpretability and accuracy. The sys-
tematic exploration of hyperparameters provided new insights into how design choices affect
performance, while the extraction of symbolic equations from real-world biomedical data illus-
trated the possibility of translating raw features into domain-relevant knowledge. The extended
analysis with a higher number of chunks shows that dividing features into finer partitions can
improve detection performance. As the number of chunks increases, the average ROC AUC also
increases gradually, indicating that the ensemble structure of SYRAN benefits from more detailed
symbolic representations when sufficient computational resources are available. These results
further support the idea that interpretable symbolic regression can not only make predictions
but also help uncover meaningful patterns in complex domains.

At the same time, several limitations were identified. Symbolic regression is computation-
ally demanding, especially in high-dimensional settings, and the performance of SYRAN varies
across datasets. Moreover, not all generated equations were meaningful or interpretable: in sev-
eral cases, the output included trivial or nonsensical expressions (such as constants (0.9999¢),
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single-variable terms (f), or overly complex constructs like el Vool - guch results highlight
the inherent challenge of balancing search flexibility with interpretability. The chosen hyperpa-
rameters, while carefully tuned, should also be regarded as approximations rather than optimal
configurations, as no guarantee exists that they represent the best possible combinations.

Future research should focus on improving scalability, for example through parallelized search
strategies or hybrid models that combine symbolic regression with deep representation learn-
ing. More adaptive ensemble strategies could be developed to improve robustness by weighting
symbolic functions according to their diversity or reliability. Extending the method to semi-
supervised settings, where limited labels are available, may further enhance its practical value.
Finally, applying SYRAN to real-world domains such as fraud detection, predictive maintenance,
or clinical diagnostics would provide practical validation of its interpretability and relevance in
decision-making contexts.

In conclusion, this thesis demonstrates that interpretable anomaly detection is feasible with-
out significant losses in performance. By turning data into equations, SYRAN shows that sym-
bolic regression can bridge the gap between accuracy and transparency in anomaly detection.
At the same time, it shows the challenges and imperfections that accompany symbolic model-
ing, pointing toward the need for more trustworthy and domain-adaptable methods that not
only predict but also explain.
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A. Additional Figures

Heatmap of Avg ROC AUC Scores
(chunk_size = 3)
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Figure A.1.: Heatmap of Average ROC AUC Scores Across Number of Chunks and Complexity
with Chunk Size 3.
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A. Additional Figures

Heatmap of Avg ROC AUC Scores
(chunk_size = 4)
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Figure A.2.: Heatmap of Average ROC AUC Scores Across Number of Chunks and Complexity
with Chunk Size 4.
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Figure A.3.: Heatmap of Average ROC AUC Scores Across Number of Chunks and Complexity
with Chunk Size 5.
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Heatmap of Avg ROC AUC Scores
(chunk_size = 6)
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Figure A.4.: Heatmap of Average ROC AUC Scores Across Number of Chunks and Complexity
with Chunk Size 6.
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Figure A.5.: Heatmap of Average ROC AUC Scores Across Chunk Size and Complexity with
Number of Chunks 5.
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A. Additional Figures

Heatmap of Avg ROC AUC Scores
(num_chunk = 10)
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Figure A.6.: Heatmap of Average ROC AUC Scores Across Chunk Size and Complexity with
Number of Chunks 10.
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Figure A.7.: Heatmap of Average ROC AUC Scores Across Chunk Size and Complexity with
Number of Chunks 20.
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Heatmap of Avg ROC AUC Scores
(num_chunk = 25)
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Figure A.8.: Heatmap of Average ROC AUC Scores Across Chunk Size and Complexity with
Number of Chunks 25.
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Figure A.g.: Heatmap of Average ROC AUC Scores Across Chunk Size and Complexity with
Number of Chunks 30.
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A. Additional Figures

Heatmap of Avg ROC AUC Scores
(complexity = 0.01)
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Figure A.10.: Heatmap of Average ROC AUC Scores Across Number of Chunks and Chunk Size
with Complexity o.01.
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Figure A.11.: Heatmap of Average ROC AUC Scores Across Number of Chunks and Chunk Size
with Complexity o.05.
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Heatmap of Avg ROC AUC Scores
(complexity = 0.1)

0.70

0.68

10

0.66

15

0.64

Num Chunk

20

-0.62

25

- 0.60

-058

5
Chunk Size

Figure A.12.: Heatmap of Average ROC AUC Scores Across Number of Chunks and Chunk Size
with Complexity o.1.
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Figure A.13.: Heatmap of Average ROC AUC Scores Across Number of Chunks and Chunk Size
with Complexity o.3.
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A. Additional Figures

Heatmap of Avg ROC AUC Scores
(complexity = 0.4)
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Figure A.14.: Heatmap of Average ROC AUC Scores Across Number of Chunks and Chunk Size
with Complexity o.4.
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Product Name Type of Application | Exemplary Prompt
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Table A.1.: Examples of prompts to support Affidavit
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